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We explore the sense in which the existing constructions for higher-order maps on quantum theory
based on causality constraints and compositionality constraints respectively, coincide. More pre-
cisely, we construct a functor F : Caus(C)→ StProf(C1) from higher-order causal categories to the
category of strong profunctors over first-order causal processes that is lax-lax duoidal, full, faithful,
and strongly closed whenever C is additive. When C = CP this embedding is furthermore strong on
the sequencer for duoidal categories, expressing the possibility to interpret one-way signalling (but
not general non-signalling) constraints in terms of the coend calculus for profunctors. We conclude
that in so far as compositional constraints can be used to express causality constraints, the profunc-
torial approach generalises higher-order quantum theory to a construction over general symmetric
monoidal categories.

1 Introduction

A basic principle in the foundations of physics is to try to use compositionality to study causality. Firstly,
in the study of causal decompositions, a core theorem on quantum information theory is the realisation
that semi-causality entails semi-localizability both in factor [17, 5] and non-factor systems [31], a result
which can be formalised with the following diagrams representing an equivalence between a causality
constraint and a compositionality constraint: φ =

φl

φr

 ⇐⇒

(
φ = φ1

)
.

This correspondence breaks down however at the multi-variate level. For instance, the following im-
plication only holds in one direction with the converse requiring more sophisticated circuit-theoretic
techniques to give a faithful compositional representation [29, 43, 42]: φ = φl φr

ρ

σ

 =⇒

(
φ = φ1

)
∧

(
φ = φ2

)
.
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Secondly, in the study of higher-order processes [41] in quantum theory, it is common to refer to
diagrams such as

η and η ,

as representing definite causal structures [9, 33] and indefinite causal structures [12, 33] respectively,
even though canonical examples of such higher-order maps such as quantum combs and quantum switches
can be thought of as definite and indefinite compositional structures. The study of causal decomposi-
tions and higher-order processes are intimately related, single-input higher-order processes are equiv-
alent to lower-order processes with one-way signalling constraints [10, 27], the composition rules for
higher-order processes can be characterised in terms of lower-order signalling constraints [3, 39], lower-
order processes satisfying single and multi-variate causality constraints are typically taken as the do-
mains of those higher order processes which exhibit definite and indefinite causal structure respectively
[27, 38, 39, 6, 12, 45, 47, 26, 24], and, the same more sophisticated circuit-theoretic techniques are
needed to faithfully represent the known unitary indefinite causal structures in a purely compositional
way [44, 20, 30].

The categorical supermaps approach [21, 48, 46, 22, 23] uses the theory of strong profunctors [40, 34]
to define supermaps in terms of sequential and parallel composition, and so without direct reference to
ideas from causality are leveraging categorical features of finite dimensional quantum systems such as
compact closure [35]. This is then, in constrast to the construction of higher-order causal categories
[27, 39, 38], which directly uses causal and finite dimensional features of quantum theory to build a
theory of higher-order quantum objects and their composition rules. In previous works, it has been
demonstrated that the profunctorial approach recovers the definition of higher-order operation between a
broad class of objects [21, 48, 46, 22, 23] in a broad range of theories [49]. However, what has not been
established is the extend to which the type-theory (the logical combinators for higher-order types) given
by the profunctorial approach recovers the already well established type theory for higher-order quantum
operations between general higher-order quantum objects [27, 39, 38, 6, 26, 24, ?].

In this article we establish the precise relationship between higher-order quantum theory as it is
traditionally defined, and the higher-order quantum theory which arises from applying the profuncto-
rial approach to first-order quantum theory. In order to frame the comparison we use the language of
categories with more than one tensor product - representing the ways in which systems can be spatio-
temporally arranged. More precisely, we refer to the duoidal structure of higher-order processes which
makes use of a tensor ⊗ and a sequencer 4 representing space-like and time-like seperated systems. For
any precausal category C we construct a functor F : Caus(C)→ StProf(C1) where C1 is the category
of first-order causal processes in C such that F is:

• injective on objects,

• faithful,

• lax on the tensor Fa⊗Fb →F (a⊗b), representing the coarse-graining from multi-variate com-
positionality constraints to multi-variate causality constraints,

• lax on the sequencer Fa4Fb −→ F (a4b).
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When the precausal category is additive as defined in [39, 38], the functor F is furthermore

• full,

• strongly closed F [a,b]∼= [Fa,Fb], representing the fact that the entire higher-order structure of
higher-order quantum processes lives inside of StProf(C1),

Finally, when C = CP we find furthermore that F is strong on the sequencer Fa 4Fb ∼= F (a 4 b),
representing a generalisation of the single-variance theorem which identifies semi-localizabiltiy with
semi-causality. The laxity for the tensor and strength on the sequencer, has a natural interpretation:
it encodes the fact that there exists a causal decomposition for one-way signalling processes, but not
for non-signalling processes. As a result, insofar as compositional constraints can be used to encode
causality constraints, the structure of types for strong profunctors recovers the structure for types of
higher-order quantum objects.

2 Higher-order quantum operations and category theory

2.1 Duoidal and BV-categories

Definition 1. A category C is duoidal when it is equipped with two tensors (⊗, I⊗) and (4, I4) together
with natural transformations,

(A4B)⊗ (C 4D)
δABCD−−−→ (A⊗C)4 (B⊗D), I⊗

γ−→ I⊗ 4 I⊗, I4⊗ I4
µ−→ I4, I⊗

ν−→ I4, (1)

satisfying a series of coherence conditions which can be found in e.g. [1]. A duoidal category is normal
when I⊗ ∼= I4.

Definition 2. Let C and D be duoidal categories. A functor F : C −→ D is lax-lax duoidal when it is laxly
monoidal in both tensor products,

FA⊗FB −→ F(A⊗B), I⊗ −→ FI⊗, FA4FB −→ F(A4B), I4 −→ FI4, (2)

satisfying the usual coherence conditions, plus additional compatibility with the structural cells (1), see
[1]. We will use terms like lax-strong and strong-strong to specify that F is strong one or more of the
tensors so that the corresponding distributors of (2) are isomorphisms.

Definition 3. A normal duoidal category C is a BV-category if it equipped with a full and faithful functor
(−)∗ : Cop −→ C inducing a natural isomorphism C(A⊗B,C∗) ∼= C(A,(B⊗C)∗) and such that there are
natural isomorphisms (A 4 B)∗ ∼= A∗ 4 B∗ and I∗4 ∼= I4. These data must satisfy a number of coherence
conditions see [7, 23].

BV categories are also by the above definition ∗-autonomous, meaning they can be equipped with a
third monoidal product referred to as the par `, a dual to the already available tensor ⊗ in the sense that
(A`B = A∗⊗B∗)∗

2.2 Higher-order causal categories

Higher-order causal categories [27, 39, 38] generalise the construction of higher-order quantum theory
(HOQT) [6, 3] to a construction which applies to precausal categories, that is, categories which admit
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both a causality interpretation and compact closure - a signature of finite-dimensionality. In any precausal
category C and for any subset c ⊆ C(I,A) we define the dual set

c∗ =
{

ρ ∈ A∗ s.t ∀σ ∈ c :
ρ

σ

= 1
}
.

We say that a set c is first-order, if c∗ is a singleton. This notion of dual can then be used within a variant
of double glueing to define the higher-order quantum operations, and more generally build a theory of
higher-order causal processes from any precausal category.

Definition 4. A precausal category is a compact closed category C equipped with an environment
structure, that is, for each object A an associated preferred discarding effect A such that A⊗B =

A⊗ B. Precausal categories also satisfy additional properties which we will not state explicitly here
as they will not be referred to within this article, for full definitions the reader is referred to [27, 39, 38]:

• Enough causal states (an adaptation of well-pointed-ness) ,

• 2nd-order causal processes factorize (an adaptation of the decomposition theoriem for 1-input su-
perchannels [10]) .

Definition 5. The Caus-construction Caus(•) sends any precausal category C to a BV-category Caus(C)
with,

• Objects given by pairs (c,A) with A an object of C and c ⊆ C(I,A), where c is a set that is flat and
closed, meaning that:

– there exists an invertible scalar λ ∈ C such that (λ ∈ c),
– c∗∗ = c.

• Morphisms (c,A)→ (c′,A′) given by morphisms f : A → A′ such that ∀ρ ∈ c : f ◦ρ ∈ c′.

• Dual (c,A)∗ = (c∗,A∗).

• Tensor product (c1,A1)⊗ (c2,A2) := ((c1 × c2)
∗∗,A1 ⊗A2).

• Par product (c1,A1)` (c2,A2) := (c1 ` c2,A1 ⊗A2) where c1 ` c2 = (c∗1 × c∗2)
∗.

• Sequencing Product (c1,A1)4 (c2,A2) := (c1 4 c2,A1 ⊗A2) where

c1 4 c2 :=
{

ρ σ

Z ∈ (c1 ` c2) : (cZ is first-order) ∧ (ρ ∈ c1 ` cZ)∧ (σ ∈ c∗Z ` c2)

}
.

• Internal Hom [(c1,A1),(c2,A2)] = (c∗1 ` c2,A∗
1 ⊗A2).

Note, that deterministic higher-order quantum theory as it is put forward in [6, 3], arises from keeping
only those objects generated by first-order objects and the internal hom.
Remark 2.1. We will from now on refer to objects of the category Caus(C) simply by capital symbols
A,B, . . . . We refer to the set associated to object A as cA.

Particularly important for out constructions are the first-order objects.

Definition 6. The first-order objects, are those objects X within Caus(C) such that c∗X is a singleton.
Furthermore, we define the full subcategory of first-order objects in Caus(C) as the category C1. When
C = CP, then we have that C1 = CPTP.

Remark 2.2. First-order objects have a number of important properties, if X is first-order, we have that
A4X =A`X for any object A. Furthermore, if both X and Y are first-order, then X ⊗Y =X 4Y =X `Y .
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The internal hom [A,A′] represents the space of all legitimate transformations from A to A′. If A,A′

are first order, then [A,A′] represents the set of channels with input A and output A′. If B,B′ are also first
order, then the type [[A,A′], [B,B′]] represents the space of all superchannels – which accept channels of
type [A,A′] and return channels of type [B,B′].

The tensor product represents the no-signalling constraint, for instance, given first order objects
A,A′,B,B′ the space [A,A′]⊗ [B,B′] represents the space of non-signalling channels of type [A⊗B,A′⊗
B′]:

φ ∈ [A,A′]⊗ [B,B′] ⇐⇒

(
φ = φ1

)
∧

(
φ = φ2

)
The sequencer on the other hand represents a one-way signalling constraint. Given first order objects
A,A′,B,B′ the space [A,A′]4 [B,B′] represents the space of one-way-signalling channels of type [A⊗
B,A′⊗B′]:

φ ∈ [A,A′]4 [B,B′] ⇐⇒

(
φ = φ1

)
⇐⇒

 φ =
φl

φr


Finally, the par permits of all conceivable signalling. More precisely, given first order objects A,A′,B,B′

the space [A,A′]` [B,B′] represents the space of all channels of type [A⊗B,A′⊗B′].

2.3 Strong profunctors

Our other model of higher-order quantum theory comes from a series of works [48, 46, 22, 23] using
the theory of profunctors. Let us now introduce the basic notions that will be required to understand this
approach.

Definition 7. A profunctor P : C −7→ C is a functor P : Cop ×C −→ Set.

We think of a profunctor as a generalised space of processes over C. These spaces of processes vary
both covariantly and contravariantly over C modelling the idea that their inputs and outputs can be probed
by C. For instance, P(A,B) is a generalised space of processes A⇝ B and we can act on such a process

by a morphism B −→C of C to get another generalised process A
p
⇝ B

f−→C = P(1, f )(p) ∈ P(A,C).
Profunctors compose by an operation known as a coend [28],

(P4Q)(A,B) =
∫ X

P(A,X)×Q(X ,B),

which one can think of as analogous to the matrix multiplication (PQ)B
A = ∑X PX

A QB
X . The elements of

the set (P4Q)(A,B) are given by pairs (p,q)∈ P(A,X)×Q(X ,B) quotiented by the equivalence relation

generated by (A
p
⇝ X

f−→ X ′,X ′ q
⇝ B) ∼ (A

p
⇝ X ,X

f−→ X ′ q
⇝ B) known as the sliding relations. In this

sense the coend acts like the tensor product of bimodules.

Definition 8. Let C be a monoidal category. A profunctor P : C −7→ C is strong when it is equipped
with a natural transformation ζ : P(A,B)×C(C,D) −→ P(A⊗C,B⊗D) satisfying coherence conditions
making ζ associative and unital [40, 34]. A natural transformation η : P−→ Q between strong profunctors
is strong when it commutes with the strengths.
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The strong profunctors and strong natural transformations assemble into a category StProf(C). This
category is ⊗-symmetric normal duoidal [18, 16] when equipped with two tensors that behave like the
tensor product of bimodules in the direction of composition and in the direction of the tensor product of
C. The former is given by the coend P 4 Q equipped with a canonical strength [34]. The latter is given
by a quotient of the Day convolution [14, 15],

∫ ABCD C(−,A⊗B)×P(A,C)×Q(B,D)×C(C⊗D,=),
over the category Cop×C. This quotient acts to coequalise the strengths of P and Q much like the tensor
product of bimodules, and can be written succinctly as Day convolution over a certain category of coend
optics,

(P⊗Q)(−,=) =
∫ (A,A′),(B,B′)

P(A,A′)×Q(B,B′)×Optic(C)((A,A′)⊗ (B,B′),(−,=)).

Both of these tensors have the identity profunctor 1 = C(−,=) as their unit object and both are closed
with the internal hom for ⊗ given by,

[P,Q]⊗(−,=) =
∫
(A,A′)∈Optic(C)

Set
(
P(A,A′),Q(A⊗−,A′⊗=)

)
.

3 A Lax Duoidal Embedding

In this section we will prove that for any precausal category, there is a faithful duoidal embedding from
Caus(C) to the category StProf(C1) of strong profunctors over the category of first-order causal systems.

Proposition 3.1. The following assignment,

• F (A)(X ,X ′) = Caus(C)(X ,A`X ′),

• F ( f : A → B)(X ,X ′) = Caus(C)(X , f `X ′),

defines a ⊗-lax monoidal functor F : Caus(C)→ StProf(C1). Note that X and X ′ vary over only the
first-order objects, i.e. those of C1.

We will for readability express where possible algebraic/categorical definitions graphically. We may
denote the action of the strong profunctor F (A) as

F (A)(X ,X ′) :=

 ρ

X ′

X

A
 ,

with action on morphisms, and strength given by

F (A)(g,h) : ρ

X ′

X

A

7→ ρ

X ′

X

A

h

g

Y ′

Y

, ζXX ′YY ′ :

 ρ

X ′

X

A

,
Y ′

Y

m

 7→ ρ

X ′

X

A Y ′

Y

m .
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As a functor F sends each object A to the profunctor F (A), on each morphism f : A → B, F ( f ) is
defined to be the strong natural transformation

F ( f )XX ′ : ρ

X ′

X

A

7→
ρ

X ′

X

A

f

B

.

Naturality and strength of the family of functions F ( f )XX ′ then follows by the unambiguous interpreta-
tion of

ρ

X ′

X

A

h

g

Y ′

Y

B

f

and
ρ

X ′

X

A

B Y ′

Y

f
m ,

respectively.

Proof. The assignment is clearly functorial so we deal just with the laxators, which are given by,

Caus(C)(X ,A4X ′)×Caus(C)(Y,B4Y ′)
⊗−→ Caus(C)(X ⊗Y,(A4X ′)⊗ (B4Y ′))

Caus(C)(1,δ )−−−−−−−→ Caus(C)(X ⊗Y,(A⊗B)4 (X ′⊗Y ′))

while the unit distributor is given by,

C1(−,=)∼= Caus(C)(−,=)∼= Caus(C)(−, I `=)

since the morphisms in Caus(C) between first order objects are precisely those of C1.

The preceding proof makes direct use of the fact that to give a strong natural from the tensor
ηXX ′ : (P ⊗ Q)(X ,X ′) → R(X ,X ′) is to give a multi-strong natural transformation from the product
η : P(Xp,X ′

p)×Q(Xq,X ′
q) → R(Xp ⊗Xq,X ′

p ⊗X ′
q). At the level of the product, the laxater simply acts

as

⊗X1X ′
1X2X ′

2
:

 ρ1

X ′
1

X1

A1
,

ρ2

X ′
2

X2

A2

 7→
ρ2

X ′
2

X2

A2

ρ1

X ′
1

X1

A1

.

Before proving that the functor is (lax) monoidal on the sequencer, let us explicitly describe the
behaviour of the sequencer of strong profunctors for images of the functor F . For any two objects A,B
of Caus(C) the elements of the sequencing tensor product∫ Z

F (A)(−,Z)×F (B)(Z,=)
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are the elements of the cartesian product

Caus(C)(−,A`Z)×Caus(C)(Z,B`=),

up to equivalence by transitive closure of the relation

ρ

σ

f
Z

A

X

X ′B

∼=

ρ

σ

f

Z′

A

X

X ′B

.

We must take great care when using this deceivingly nice graphical notation to establish what can be slid
along such wires, and indeed it is any first-order causal morphism that is, any morphism from C1.
Theorem 3.2. The functor F : Caus(C)→ StProf(C1) is lax on the sequencing tensor 4, that is there
are distributors,

F (A)4F (B)−→ F (A4B), I −→ F I,

natural in A and B and satisfying the required coherences.

Proof. Note that whenever X is a first order object A 4 X = A`X for any A so that the image of the
functor F can equally be written Caus(C)(X ,A`X ′) = Caus(C)(X ,A 4 X ′). The distributor is given
by composition along X ,

FA4FB =
∫ X∈C1

Caus(C)(−,A4X)×Caus(C)(X ,B4=)−→ Caus(C)(−,A4 (B4=))∼= F(A4B),

while the unit distributor is given by,

C1(−,=)∼= Caus(C)(−,=)∼= Caus(C)(−, I `=)

since the morphisms in Caus(C) between first order objects are precisely those of C1.

Graphically, this laxator for the sequencer (which we will refer to as θ ) simply contracts a coend-
composition into a literal compositional of diagrams

θX ,X ′ :
ρ

σ

Z

A

X

X ′B

7→
ρ

σ

Z

X ′

X

BA

.

Proposition 3.3. The functor F : Caus(C)→ StProf(C1) is injective on objects.

Proof. Suppose F (A)(−,=) = F (B)(−,=). Upon evaluating at trivial systems we have

F (A)(I, I) = F (B)(I, I) =⇒ Caus(C)(I,A) = Caus(C)(I,B),

but an object of Caus(C) is completely determined by its set of states so A = B.

Proposition 3.4. The functor F : Caus(C)→ StProf(C1) is faithful.

Proof. Given in the Appendix.
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4 The Embedding is Full and Strongly Closed

In this section we show that whenever a precausal category is additive, the embedding of the Caus
construction into the category of strong profunctors is full and strongly closed. We refer the reader to
[39, 38] for a complete definition of additive precausal categories. Here, we note that such categories
include amongst other conditions, the existence of all products (and so in this case additive enrichment),
and the possibility to complete any effect to the discard-morphism up to a scalar. These points allow us
to prove (Given in the Appendix) that closed flat sets are closed under convex combinations, and support
a notion of controlled process for any familly of processes {ρi}.

Proposition 4.1. Let C be an additive precausal category, then the functor F : Caus(C)→ StProf(C1)
is full.

Proof. To prove that F is full, amounts to a generalisation of the characterisation theorem of [48]
which applies to convex normal sets of processes, to general types in additive higher-order causal cate-
gories. The proof adopts a graphical notation in which a natural transformation SXX ′ : F (A)(X ,X ′)→
F (B)(X ,X ′) is depicted:

SX ,X ′

ρ

A

B X ′

X

X ′

X
,

with strong naturality encoded graphically by

SX ,X ′

ρ

A

B

X ′

X

X ′

X

h
Y ′

g

Y

=

SY,Y ′

ρ

A

B

X

X ′
h

Y ′

g

Y

,

SX ,X ′

ρ

A

B X ′

X

X ′

X

m

Y ′

Y

Y ′

Y
=

SXY,X ′Y ′

ρ

A

B X ′

X

X ′

X

m

Y ′

Y

Y ′

Y
,

and then takes three key steps, following the methods of [49, 48]:

• Proving convex-linearity of each function SXX ′ ,

• Proving what is referred to in [49] as non-contextual assignment, that for even non-causal πi ≤ i
:

ρ1

π1

= ρ2

π2

=⇒
SX ,X ′

ρ1

π1

=

SX ,X ′

ρ2

π2

,
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• A Yoneda-like step, in which the candidate internal representation for SXX ′ is constructed by eval-
uating it on the cup ∪ up to a scalar αA:

S′ :=

SI,|A|

αA

1
αA

,

where αA satisfies

αA

∈ cA`|A|.

A full proof for completeness is given in the Appendix.

Proposition 4.2. The functor F : Caus(C)→ StProf(C1) is strongly closed.

Proof. For any pair of strong profunctors,

[P,Q](X ,X ′) =
∫
(A,A′)

Set
(
P(A,A′),Q(A⊗X ,A′⊗X ′)

)∼= StProf(C1)
(
P(−,=),Q(−⊗X ,=⊗X ′)

)
and so we have that

[FA,FB](X ,X ′)∼= StProf(C1)
(
Caus(C)(−,A`=),Caus(C)(−⊗X ,B` (=⊗X ′))

)
∼= StProf(C1)

(
Caus(C)(−,A`=),Caus(C)(−,([X ,B`X ′])` (=))

)
∼= Caus(C)(A, [X ,B`X ′])
∼= Caus(C)(X , [A,B]`X ′)
∼= F [A,B](X ,X ′).

5 The Embedding is Strong on the Sequencer

Now we establish an even stronger property of the embedding, which we prove only for specifically
higher-order quantum theory, based on the fact that combs are equal to optics in mixed quantum theory
[22]. First, we will need a preliminary lemma.

Proposition 5.1. Let ρ1,σ1,ρ
′
2,σ

′
2 be morphisms in Caus(C) such that

ρ1

σ1

Z1

X

X

BA

=

ρ2

σ2

Z2

X ′

X

BA

,
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with X ,X ′,Z1,Z2 first-order objects. Then there exists corresponding purifications P1,Σ1,P2,Σ2, and
first-order causal processes π and v such that:

P1

v
=

P2
,

P1

E ⊗Z1

X

A
π

=
P1

E ⊗Z1

X

A
,

Σ2

v

π

E ⊗Z1

Z2

YB

=

Σ1

π

Z1

E ⊗Z1

YB

.

Proof. Given in the appendix.

Theorem 5.2. The functor F : Caus(C)→ StProf(C1) is strong on the sequencing tensor 4 so that for
each pair of objects A,B,

FA4FB ∼= F (A4B).

Proof. We must construct an inverse strong natural transformation θ−1 : F (A 4 B)→ FA 4FB. For
this inverse arrow note that we can construct the embedding

[X ,(A4B)`X ′]
∼=(A4B)` [X ,X ′]
∼=(A4B)` ([X , I]4 [I,X ′])

→(A` [X , I])4 (B` [I,X ′]),
∼=[X ,A]4 (B`X ′),

and so we have that for each X ,X ′ in C1, then τ ∈ Caus(C)(X ,(A 4 B)`X ′) implies that there exists a
first-order object Z such that

τ

A B X ′

X

=

ρ

σ

Z

X ′

X

BA

.

Consequently we may simply choose the inverse θ
−1
X ,X ′(τ) := (ρ,σ), however for this choice to be well-

formed (and recalling that the sets being acted on are quotiented sets of states) we need to verify that for
all ρ,σ ∈ c[X ,A`Z]× c[Z,B`X ′] then:

ρ1

σ1

Z1

X

X

BA

=

ρ2

σ2

Z2

X ′

X

BA

=⇒ (ρ1,σ1)∼=co-end (ρ2,σ2).

Recall that two elements of the coend are equivalent if they can be reached from one another by sliding
only morphisms of C1 and not the larger category C. By Proposition 5.1 all the following slides are of
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first-order morphisms and the final proof proceeds as follows.

ρ2

σ2

=

P2

Σ2

=

P1

Σ2

v

∼=

P1

Σ2

v
=

P1

Σ2

v

π

=

P1

Σ2

v

π

=

P1

Σ1

π
∼=

P1

Σ1

π

=

P1

Σ1

=

ρ1

σ1

.

6 Conclusion

There are a few natural directions to take the results of this paper. By the Yoneda lemma for categorical
supermaps [49], natural transformations between strong profunctors on CPTs [19] of certain types are
totally characterised in terms of the Choi-Jamiołkowski isomorphism when present, leading naturally to
the question of whether the results of this paper extend to CPTs. This would give more concrete proposals
for general higher-order objects within a variety of theories for which classes of higher-order processes
have been introduced such as Boxworld [4], Hex-square theory [36], and time-symmetric quantum theory
[32], along with the possibility to compare with higher-order theory for bidirectional processes [2].

While StProf(C) is typically not a BV-category, it can be lifted to one by the Chu constuction [13].
This standard construction from linear logic produces ∗-autonomous categories from closed monoidal
ones and when applied to ⊗-closed normal duoidal categories it produces BV-categories [23]. Applying
this to strong profunctors produces a BV-category StEnv(C) =Chu(StProf(C)) referred to as the strong
Hyland envelope due to its connections to the Hyland envelope of [25, 37]. It is natural then to wonder,
whether for any additive precausal category C the full-faithul lax-lax duoidal embedding of this article
lifts to the identification of a full-faithul sub-category of the strong Hyland envelope which is lax-lax
BV-equivalent to the result of the caus-construction.

Finally, building upon this, the broadest possible sets of compositional rules available for higher-
order quantum objects have been studied in [39, 3]. This suggests investigating the question of which (if
any) compositional rules are unique to higher-order quantum operations, and which are in fact a feature
of any reasonable theory of higher-order processes? A study of the available compositional rules within
the strong Hyland envelope over both general monoidal categories and its specialisation to action on
CPTs [19] and OPTs [11], seems likely to give a concrete route towards answering this foundational
problem on the compositionality of higher-order processes.



M. Wilson & J. Hefford 13

References
[1] Marcelo Aguiar and Swapneel Mahajan. Monoidal Functors, Species and Hopf Algebras. CRM Monograph

Series, vol 29. American Mathematical Society, Providence, Rhode Island, USA, 2010.
[2] Luca Apadula, Alessandro Bisio, Giulio Chiribella, Paolo Perinotti, and Kyrylo Simonov. Higher-order

transformations of bidirectional quantum processes, 2026. URL: https://arxiv.org/abs/2602.00856,
arXiv:2602.00856.

[3] Luca Apadula, Alessandro Bisio, and Paolo Perinotti. No-signalling constrains quantum computation with
indefinite causal structure, 2022. arXiv:2202.10214, doi:10.48550/arXiv.2202.10214.

[4] Jessica Bavaresco, Ämin Baumeler, Yelena Guryanova, and Costantino Budroni. Indefinite causal order in
boxworld theories, 2024. URL: https://arxiv.org/abs/2411.00951, arXiv:2411.00951.

[5] David Beckman, Daniel Gottesman, M. A. Nielsen, and John Preskill. Causal and localizable quantum
operations. Phys. Rev. A, 64:052309, 2001. doi:10.1103/PhysRevA.64.052309.

[6] Alessandro Bisio and Paolo Perinotti. Theoretical framework for higher-order quantum theory. Proceedings
of the Royal Society A: Mathematical, Physical and Engineering Sciences, 475(2225):20180706, 2019. URL:
http://dx.doi.org/10.1098/rspa.2018.0706, doi:10.1098/rspa.2018.0706.

[7] Richard Blute and Marc Comeau. Von neumann categories. Appl Categor Struct, 23:725–740, 2015. doi:
10.1007/s10485-014-9375-6.

[8] Titouan Carette, Marc de Visme, and Simon Perdrix. Graphical language with delayed trace: Picturing
quantum computing with finite memory. In Proceedings of the 36th Annual ACM/IEEE Symposium on
Logic in Computer Science, LICS ’21, New York, NY, USA, 2021. Association for Computing Machinery.
doi:10.1109/LICS52264.2021.9470553.

[9] Giulio Chiribella, Giacomo Mauro D’Ariano, and Paolo Perinotti. Quantum circuit architecture. Physical
Review Letters, 101(6):060401, 2008. doi:10.1103/physrevlett.101.060401.

[10] Giulio Chiribella, Giacomo Mauro D’Ariano, and Paolo Perinotti. Transforming quantum operations: Quan-
tum supermaps. EPL (Europhysics Letters), 83(3):30004, 2008. doi:10.1209/0295-5075/83/30004.

[11] Giulio Chiribella, Giacomo Mauro D’Ariano, and Paolo Perinotti. Probabilistic theories with purification.
Phys. Rev. A, 81:062348, 2010. doi:10.1103/PhysRevA.81.062348.

[12] Giulio Chiribella, Giacomo Mauro D’Ariano, Paolo Perinotti, and Benoît Valiron. Quantum computations
without definite causal structure. Phys. Rev. A, 88:022318, 2013. doi:10.1103/PhysRevA.88.022318.

[13] Po-Hsiang Chu. Constructing ∗-autonomous categories. Appendix to [?].
[14] Brian Day. Construction of Biclosed Categories. PhD thesis, University of New South Wales, 1970. doi:

10.26190/unsworks/8048.
[15] Brian Day. On closed categories of functors. In Reports of the Midwest Category Seminar IV, volume 137,

pages 1–38, Berlin, Heidelberg, 1970. Springer Berlin Heidelberg. doi:10.1007/BFb0060438.
[16] Matt Earnshaw, James Hefford, and Mario Román. The produoidal algebra of process decomposition, 2023.

doi:10.48550/ARXIV.2301.11867.
[17] T Eggeling, D Schlingemann, and R. F Werner. Semicausal operations are semilocalizable. Europhysics

Letters (EPL), 57(6):782–788, mar 2002. doi:10.1209/epl/i2002-00579-4.
[18] Richard Garner and Ignacio López Franco. Commutativity. Journal of Pure and Applied Algebra,

220(5):1707–1751, 2016. doi:10.1016/j.jpaa.2015.09.003.
[19] Stefano Gogioso and Carlo Maria Scandolo. Categorical probabilistic theories. EPTCS, 266:367–385, 2018.

doi:10.4204/EPTCS.266.23.
[20] Maarten Grothus, Alastair A. Abbott, Augustin Vanrietvelde, and Cyril Branciard. Routing quantum control

of causal order, 2025. URL: https://arxiv.org/abs/2507.08781, arXiv:2507.08781.
[21] James Hefford and Cole Comfort. Coend Optics for Quantum Combs. In Proceedings ACT 2022, volume

380, pages 63–76, 2023. doi:10.4204/EPTCS.380.4.

https://arxiv.org/abs/2602.00856
https://arxiv.org/abs/2602.00856
https://arxiv.org/abs/2202.10214
https://doi.org/10.48550/arXiv.2202.10214
https://arxiv.org/abs/2411.00951
https://arxiv.org/abs/2411.00951
https://doi.org/10.1103/PhysRevA.64.052309
http://dx.doi.org/10.1098/rspa.2018.0706
https://doi.org/10.1098/rspa.2018.0706
https://doi.org/10.1007/s10485-014-9375-6
https://doi.org/10.1007/s10485-014-9375-6
https://doi.org/10.1109/LICS52264.2021.9470553
https://doi.org/10.1103/physrevlett.101.060401
https://doi.org/10.1209/0295-5075/83/30004
https://doi.org/10.1103/PhysRevA.81.062348
https://doi.org/10.1103/PhysRevA.88.022318
https://doi.org/10.26190/unsworks/8048
https://doi.org/10.26190/unsworks/8048
https://doi.org/10.1007/BFb0060438
https://doi.org/10.48550/ARXIV.2301.11867
https://doi.org/10.1209/epl/i2002-00579-4
https://doi.org/10.1016/j.jpaa.2015.09.003
https://doi.org/10.4204/EPTCS.266.23
https://arxiv.org/abs/2507.08781
https://arxiv.org/abs/2507.08781
https://doi.org/10.4204/EPTCS.380.4


14 Higher-Order Quantum Objects are Strong Profunctors

[22] James Hefford and Matt Wilson. A profunctorial semantics for quantum supermaps. In Proceedings of the
39th Annual ACM/IEEE Symposium on Logic in Computer Science, LICS ’24, pages 1–15. ACM, July 2024.
URL: http://dx.doi.org/10.1145/3661814.3662123, doi:10.1145/3661814.3662123.

[23] James Hefford and Matt Wilson. A bv-category of spacetime interventions, 2025. URL: https://arxiv.
org/abs/2502.19022, arXiv:2502.19022.

[24] Timothée Hoffreumon and Ognyan Oreshkov. Projective characterization of higher-order quantum transfor-
mations, 2022. arXiv:2206.06206.

[25] J.M.E. Hyland. Proof theory in the abstract. Annals of Pure and Applied Logic, 114(1):43–78, 2002. doi:
10.1016/S0168-0072(01)00075-6.

[26] Anna Jencova. On the structure of higher order quantum maps, 2024. URL: https://arxiv.org/abs/
2411.09256, arXiv:2411.09256.

[27] Aleks Kissinger and Sander Uijlen. A categorical semantics for causal structure. Logical Methods in Com-
puter Science, 15, 2019. doi:10.23638/LMCS-15(3:15)2019.

[28] Fosco Loregian. (Co)end Calculus. London Mathematical Society Lecture Note Series. Cambridge Univer-
sity Press, 2021. doi:10.1017/9781108778657.

[29] Robin Lorenz and Jonathan Barrett. Causal and compositional structure of unitary transformations. Quantum,
5:511, 2021. doi:10.22331/q-2021-07-28-511.

[30] Ilyass Mejdoub and Augustin Vanrietvelde. Unilateral determination of causal order in a cyclic process,
2025. URL: https://arxiv.org/abs/2506.18540, arXiv:2506.18540.

[31] Octave Mestoudjian, Matt Wilson, Augustin Vanrietvelde, and Pablo Arrighi. Picturing general quantum
subsystems, 2026. URL: https://arxiv.org/abs/2511.09494, arXiv:2511.09494.

[32] Luke Mrini and Lucien Hardy. Indefinite causal structure and causal inequalities with time-symmetry, 2024.
URL: https://arxiv.org/abs/2406.18489, arXiv:2406.18489.
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Finally, noting that A` |A| ∼= A`A[I, |A|] with |A| a first-order object then we have that

F ( f ) = F (g) =⇒ F ( f )I,|A| = F (g)I,|A|

=⇒ Caus[C](I, f ` [I, |A|]) = Caus[C](I,g` [I, |A|])
=⇒ Caus[C](I, f ` [I, |A|])(α∪) = Caus[C](I,g` [I, |A|])(α∪)

=⇒
αA

f

=
αA

g

=⇒
αA

f

=
αA

g

=⇒ f = g

B Fullness of the embedding for additive precausal categories

Proposition B.1. Let C be an additive precausal category, then each cA is convex (closed under convex
combinations of scalars in the precausal category).

Proof. Recall that each cA defined through normalisation to 1 under the effect space c∗A. Indeed let
π ◦ρi = 1 for π ∈ c∗A and ρi ∈ cA then it follows that (using additive enrichment) π ◦(∑i ρi) =∑i piπ ◦ρi =

∑i pi = 1 for any discrete probability distribution pi.

Proposition B.2. For any collection of states (ρi)i∈1...N there exists a morphism ctrl(ρi) of type ⊕n
i=1I →

A such that ctrl(ρi)
(
(

i
)∗
)
= ρi.

Proof. For any collection of states (ρi)i∈1...N of type A then we can construct (using enrichment in biprod-
ucts) a morphism ctrl(ρi) of type ⊕n

i=1I → A as simply

ctrl(ρi) = ∑
i

 ρi

⊕n
i=1I

A

i

 .

Indeed then we can confirm that for any τ ∈ c⊕n
i=1I then

∑
i

 ρi

A

i
τ

 = ∑
i

p(i|τ)
ρi

∈ cA,
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so that the morphism is indeed of the required type. Finally, we confirm the control property by:

∑
i

 ρi

i
i

 = ∑
i

p(i|τ) ρi ∈ cA.

Proposition B.3. Let C be an additive precausal category, then the functor F : Caus(C)→ StProf(C1)
is full.

Proof. First, we will show that for any morphism of strong profunctors S : F (A)→ F (B) every com-
ponent SX ,X ′ is a convex linear function SX ,X ′ : c[X ,A`X ′] → c[X ,B`X ′]. To do so, consider some family of
states ρi of type [X ,A`X ′] and construct the controlled version of this family of type

[⊕n
i=1I, [X ,A`X ′]]∼= [(⊕n

i=1I)⊗X ,A`X ′].

Now let us confirm convexity

SX ,X ′

ρi

A

B X ′

X

∑i pi

=

SX ,X ′

ρ

A

B X ′

X

p

=

SX(⊕n
i=1),X

′

ρ

A

B X ′

X p

= ∑
i

pi

SX(⊕n
i=1),X

′

ρ

A

B X ′

X i

= ∑
i

pi

SX ,X ′

ρ

A

B X ′

X

i

= ∑
i

pi

SX ,X ′

ρi

A

B X ′

X

Next we show a useful technical property of the SX ,X ′ components for each X ,X ′. Let us imagine that
there exists πi, ρi, with each πi ≤ i

such that

ρ1

π1

= ρ2

π2

,

then it follows that

SX ,X ′

ρ1

π1

=

SX ,X ′

ρ2

π2

.
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To prove this note that we can construct from each such πi of type Xi → I in the underlying precausal
category a new morphism Σi : Xi → (I ⊕ I) in Caus[C] by

a ⊗
πi

+ b ⊗
(

−
πi
)
.

Now we note that

ρ1

Σ1

− ρ2

Σ2

=
ρ1

b

−
ρ2

b

,

from which we have that

1
2 ρ1

Σ1

+
1
2 ρ2

b

=
1
2 ρ1

b

+
1
2 ρ2

Σ2

,

Upon applying SI,(I⊕I) to each side of the equation, using convex linearity, and then un-arranging we find
that

SI,C2

ρ1

Σ1

−

SI,C2

ρ2

Σ2

=

SI,C2

ρ1

b

−

SI,C2

ρ2

b

.
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Now we are ready to prove,

SX ,X ′

ρ1

π1

−
SX ,X ′

ρ2

π2

= SX ,X ′

ρ1

a

Σ1

− SX ,X ′

ρ2

a

Σ2

=

SI,(I⊕I)

ρ1

a

Σ1 −

SI,(I⊕I)

ρ2

a

Σ2

=

SI,(I⊕I)

ρ1

b

a

−

SI,(I⊕I)

ρ2

b

a

=
SI,I

ρ1

b

a

− SI,I

ρ2

b

a

= 0−0 = 0

Finally, we are able to prove our main characterisation theorem, which establishes that F is full, by
establishing that every possible morphism of strong profucntors S : F (A)→F (B) is in the image of F ,
i.e. is of the form F (S′). We must explicitly construct this pre-image S′ : A → B in Caus[C] and do so
simply by defining

S′ :=

SI,|A|

αA

1
αA

.
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Now we must confirm that indeed F (S′) = S, to do so note that

F (S′)(X ,X ′)(ρ) =

SI,|A|

αA

ρ

1
αA

=

SI,|A|⊗|A|⊗X ′

αA

ρ

1
αA

,

and now since C is an additive precausal category for all π there exists κ such that κ(∩⊗π) ≤ ⊗
⊗ . This allows use to use the previous technical lemma to conclude that for all such π ,

SI,|A|⊗|A|⊗X ′

αA

ρ

π

κ

=

SI,X ′

ρ

πκαA

,

and since there are enough such π to fix any state, we can conclude that

SI,|A|⊗|A|⊗X ′

αA

ρ

1
αA

=

SI,X ′

ρ

καA
1

καA

=

SI,X ′

ρ .

Finally, we note that for all τ

SI,|A|

αA

ρ

τ

=

SI,X ′

ρ

τ

=

SX ,X ′

ρ

τ

,

and so

SI,|A|

αA

ρ

=

SX ,X ′

ρ , .

This completes the proof that indeed F (S′) = S.
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C Shadows for higher-order objects

Proposition C.1. For any ρ of type X → A there exists a first order object Eψ and pure morphism ψ of
type X → Eψ `A such that

ψ
= ρ .

Furthermore this purification is unique up to isometry, meaning that for any other purification (Eψ ′ ,ψ ′)
with dim(Eψ) ≤ dim(Eψ ′) there exists a pure (first-order causal) morphism of type v : Eψ → Eψ ′ such
that

ψ

v
= ψ ′ .

Proof. It is immediate by the dilation theorem for completely positive maps that such a ψ satisfying the
above equation exists. To check that is has type X → Eψ `A is then clear since by the defining equation
it is normalised under any element of c∗Eψ

× c∗A. The existence of an isometry v satisfying the required
equation is directly inherited too, and since it is an isometry, it indeed is of type v : Eψ → Eψ ′ for Eψ and
Eψ ′ first-order types.

Proposition C.2. Let ρ1,σ1,ρ
′
2,σ

′
2 be morhpisms in Caus[C] such that

ρ1

σ1

Z1

X

X

BA

=

ρ2

σ2

Z2

X ′

X

BA

,

with X ,X ′,Z1,Z2 first-order objects then there exists corresponding purifications P1,Σ1,P2,Σ2, and first-
order causal processes π and V such that:

P1

v
=

P2
,

P1

E ⊗Z1

X

A
π

=
P1

E ⊗Z1

X

A
,

Σ2

v

π

E ⊗Z1

Z2

YB

=

Σ1

π

Z1

E ⊗Z1

YB

.

Proof. Firstly, note that each of these states comes equipped with a corresponding purification P,Σ,P′,Σ′

such that

P1

Σ1

=

P2

Σ2

,
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from which we find for any morphism in Caus[C] of type

P1

Σ1

e

=

P2

Σ2

e

,

and so

P1

=

P2

=⇒
P1

v
=

P2
.

It now follows that,

P1

Σ1

=

P2

Σ2

=

Σ2

P1

v
.

From here, the proof of [8] on the existence of shadows for completely positive maps applies, and we are
able to construct an idempotent CPTP (and so, first-order causal) map π satisfying:

P1

π

=
P1

and

Σ2

v

π

=

Σ1

π

.
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