
Static Resource Analysis of
Hybrid Programs with Unbounded Loops

Abstract. While quantum hardware remains limited, hybrid quantum-classical al-
gorithms with complex control structures, including unbounded loops, are emerging,
posing new challenges for program analysis: the accurate estimation of resource con-
sumption of a given program is needed. In this work, we answer this challenge with
the first static analysis solution for reasoning about the resources — termination
or cost — of hybrid quantum programs with unbounded loops. Towards that end,
we introduce hybrid path-sums, a symbolic representation of possible executions of
a quantum program. A generic strategy for determining termination and expected
resource consumption via loop invariants is also proposed. Finally, a prototype of this
solution is implemented in Haskell. This work is the first step toward the design of a
complete static resource analysis tool for hybrid quantum programs with unbounded
loops, essential for the development of real-world quantum computing. This extended
abstract illustrates fully developed results without expanding on the technicalities.
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1 Introduction

1.1 Context and Motivations

Research in quantum computing has traditionally been focused on the low-level unitary
circuit model [21,20,14] whereby a ‘program’ is a one-shot run of a finite and fixed sequence
of quantum gates. Recently, a new emphasis is given to hybrid programs where the control
flow can depend on measurement outcomes and where unbounded loops are allowed [26,11].
This is motivated by, among others, variational algorithms [17] and repeat-until-success
algorithms used, for instance, in post-selection and error correction settings [9].

It should not be overlooked that the development of hybrid languages, which are highly
complex by nature, comes with its own set of constraints on the verification of the correct-
ness of such programs, e.g., their physicality or their termination. This is precisely where
formal methods and verification come into play [10,28,22]. Due to the probabilistic nature
of hybrid programs and because, unlike low-level quantum models, they usually contain
general (unbounded) recursion, one of the fundamental aspects to be studied concerns their
resource-awareness. This ‘resource’ can be anything from termination to costs in time, gate
count, or more. Performing static analyses to verify resource properties of hybrid programs
(instead of just circuits) is a relatively recent issue that has yet to be explored in depth.

1.2 Contributions

We tackle this question with a resource analysis framework for the inference of guarantees on
the costs of hybrid quantum programs with unbounded recursion in the introduced language
Hybricks. Hybricks is in the style of the Qbricks [8] environment extending it to the
hybrid case with measurement, classical control, and general recursion (hence the name).
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General recursion has been a long-standing challenge in the analysis of quantum pro-
grams already in terms of semantics [4,5,29], let alone static resource analysis. In fact, in the
setting of general recursion, programs might not terminate; this implies that the complex-
ity properties we can guarantee for hybrid quantum programs are fairly subtle properties
which echo, to some extent, the properties of probabilistic programming, such as almost-
sure termination [7] (i.e., termination with probability 1). These properties also go well
beyond the scope of properties that can be addressed by quantum circuits, which termi-
nate by construction. Our work also provides guarantees on probabilistic properties of the
program including the expected number of gates used, expected runtime, almost-sure termi-
nation, etc. The analysis of these properties relies on a novel symbolic representation of the
quantum-classical state, called hybrid path-sums, which extends the path-sums formalism [1]
where a state is described as a symbolic sum of basis vectors to the hybrid setting. This
representation allows us to maintain compactness in the analysis of otherwise exponentially
large state spaces. Concretely, our contributions are as follows.

1. The introduction of Hybricks, a hybrid variant of the open source environment Qbricks
with potentially unbounded while loops. It is equipped with a denotational semantics
defined on Classical-Quantum states (CQ states), a common representation of hybrid
states in terms of density operators and super-operators [27,12].

2. The extension of path-sums to hybrid path-sums or hps capable of representing CQ
states, and limits thereof, compactly, exactly, and symbolically. Hybrid path-sums are
interpretable as pure vectors in higher-dimensional Fock spaces or as CQ states.

3. A symbolic operational semantics for the language in terms of transformations of hybrid
path-sums which is sound with respect to the denotational semantics (Theorem 2),
allowing the extraction of properties of the program via symbolic execution rather than
explicit computation on CQ states (Corollary 1).

4. A heuristic for analyzing programs with while loops (Theorem 1), which is broadly ap-
plicable and illustrated through the running example of the quantum coin-toss (Fig. 1).

5. A prototype implementation IHPS of a Hybricks parser and hps-based symbolic oper-
ational semantics engine, with future extensions underway for mechanized proofs of hps
equivalences and invariant conservation. To the best of our knowledge, this is the first
semi-automated tool for analyzing the resources consumed by hybrid quantum programs.

2 Illustration of the Approach

We chose to explain our contributions directly through a running example. First, we in-
troduce an imperative language Hybricks for hybrid programming, which includes clas-
sical and quantum variables, quantum and classical operations, computational basis non-
destructive measurements, classical control, and unbounded loops.

p ::= skip | qubit q | bit c | int x
| U(q, . . . , q) | x := i | c := b | c := measure q
| p ; p | if b then p else p end | while b do p done

Hybricks has a denotational semantics defined on CQ states, partial density operators
ρ over the space of both quantum and classical variables which are dephased on the classical
variables; i.e., ⟨m1| ρ|m2⟩ = 0 for m1 and m2 basis state differing on the classical parts.
This semantics is relatively standard, explained, e.g., in Feng and Ying’s quantum Hoare
logic [12].
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Among the most ubiquitous patterns in hybrid programs is the repeat-until-success pat-
tern [6,19,15] where a program which probabilistically produces a (checkable) desired out-
come is repeated until such outcome is obtained. For clarity, we illustrate our approach on
a simple such pattern: the repeated coin-toss described in Fig. 1, but examples with richer
quantum features and nested loops are also developed in Appendices A and B� �

1 qubit q; bit c; int x;
2 H(q);
3 c := measure q;
4 while (¬c) do
5 H(q);
6 c := measure q;
7 x := x + 1
8 done
 	

Fig. 1: The CoinToss program

In CoinToss, a qubit q is initialized to |0⟩ and
a classical bit c as well as an integer counter x are
both initialized to 0 (line 1). Then, a coin-toss is
performed consisting of a Hadamard gate which sets
q in a uniform superposition of |0⟩ and |1⟩ (line 2)
followed by a measurement of q (line 3) storing the
result 0 or 1 in c, with each outcome having probabil-
ity 1

2 . This process is repeated until the measurement
results in a 1 (line 4), with the number of iterations
performed (i.e., the number of fails before success)
being counted in x (line 7). By the end of the program, x contains the count of itera-
tions/tosses before success, a representative of runtime in this simple program. This pro-
gram is almost-surely terminating [7] and the mean value of x is 1 (i.e. 1 + 1 = 2 tosses).
Consequently, its resource-aware properties can be studied even in the absence of (strict)
termination.

The analysis of the program relies largely on hybrid path-sums, our proposed novel sym-
bolic representation of the quantum-classical state. In essence, a hybrid path-sum is a sym-
bolic tuple

∑
a

〈
p, n · |m1⟩q[m2]c

〉
of expressions p, n, m1, and m2 over tuples a = (a1, . . . , ak)

of boolean or integer path variables. This expression describes a sum of paths (complex-
weighted basis states) of the form n(v) ·e2πi·p(v)|m1(v)⟩q where v = (v1, . . . , vn) ranges over
the instantiations vi ∈ N or vi ∈ B of integer or boolean path variables ai respectively, and
t(v) is the evaluation of a term t with each ai assigned to vi.

|ψ⟩ =
∑

1≤i≤k
vi∈N or vi∈B

n(v)e2πi·p(v)|m1(v)⟩q

In addition to the quantum states given by |m1⟩q, hybrid path-sums, as their name
suggests, also handle classical data [m2]c. This allows them to symbolically and compactly
represent the branching structure of the execution, both in terms of quantum superpositions
and classical probabilistic branching. For instance, a qubit q in state |+⟩ is described using
the path-sum

∑
c
⟨0, (1/

√
2)·|c⟩q⟩ with the boolean variable c encoding the quantum branching

in the superposition |+⟩ of the basis states |0⟩ and |1⟩. Measuring qubit q (non-destructively)
is then encoded as copying the symbolic expression c in |c⟩q into a classical bit c as [c]c in the
path-sum

∑
c
⟨0, (1/

√
2) · |c⟩q[c]c⟩. The interpretation is then that each measurement outcome

ν ∈ {0, 1} corresponds to a filtration of the sum
∑

c∈{0,1},c=ν
1√
2 |c⟩q into a vector whose

squared norm is the probability of obtaining the outcome ν and which, when re-normalized,
is the resulting quantum state if ν was obtained.

More formally, hps are given by a grammar of expressions involving booleans, integers,
dyadics ( k

2n | k, n ∈ Z), constructible reals (the closure of Q under
√

·, +, ·, /). Here, we
only give the high-level hps constructors:

h ::= ⟨p, n ·m⟩ | h+ h | h⊗ h | h⊕ h |
∑

a

h |
⊗

a

h | lim
x
h
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Hybrid path-sums support additions, tensor products, and direct sums (⊕) which adds
the two hps as probabilistic branches only, without interference. Most importantly, symbolic
sums and tensor products can be considered over formal boolean or integer variables a, and,
to model unbounded loops, hps support symbolic limits over integer variables x. An hps
h can be interpreted as a CQ state, denoted cq(h) inductively such that the constructors
above correspond to the appropriate operations on CQ states. Notably, limits are interpreted
using Hilbert norms in infinite-dimensional spaces, and require therefore some non-trivial
functional analysis machinery that we developed, but omit here for clarity and brevity.

We perform symbolic execution of programs (the operational semantics) as transforma-
tions of hps. For instance, a quantum bit-flip X transforms m1 into m1 ⊕ 1 by performing a
XOR, while the Hadamard H introduces a new path variable c to sum over corresponding
to the fork of the basis states into the superpositions |+⟩ and |−⟩. We encode this as a
big-step operational semantics (p, h) ⇓ h′ reading p run on a state h results in the state h′.(

X(q),
〈
p, n · |m1⟩q[m2]c

〉)
⇓
〈
p, n · |m1 ⊕ 1⟩q[m2]c

〉
(

H(q),
〈
p, n · |m1⟩q[m2]c

〉)
⇓
∑

c

〈
p+ m1c

2 ,
n√
2

· |c⟩q[m2]c
〉

With such a symbolic description of all possible states of the computer at a given point,
many formal verification tasks (including functional correctness, termination, and resource
consumption) can be reformulated as equivalence checks between hybrid path-sums, check-
able with an equational theory under development.

In particular, for the CoinToss program, we can find a functional specification as a
loop invariant hCT-inv[x] with a free variable x describing the state of the system after
x iterations. This symbolic representation encodes all possible branches of execution (i.e.,
halting by iteration x or still needing to continue).

hCT-inv[x] def=
x∑

y=0

〈
0, 1√

2y+1
· |1⟩q[1]c[y]x

〉
+
〈

0, 1√
2x+1

· |0⟩q[0]c[x]x
〉

Finally, the invariant is then used in a rule for while to obtain the limiting state hCT-∞.

(if b then p else skip end, h[x]) ⇓ h[x+ 1/x]
While(while b do p done, h[0/x]) ⇓ lim

x
(1 ⊕ b) ∗ h

hCT-∞
def=
∑

x

〈
0, 1√

2x+1
· |1⟩q[1]c[x]x

〉
In practice, both the form and the correctness of the invariant can be obtained by a

generic heuristic strategy based on the one-sided branching structure of loops.
Theorem 1 (Heuristic for loops). If there exist hps terms hb, h¬b, and hnext with the
same signature s such that all the following hold:

(p, hb) ⇓ hnext ; hb ≡ b ∗ hb

h¬b ≡ ¬b ∗ h¬b ; hb[x+ 1/x] ≡ b ∗ hnext
h¬b[x+ 1/x] ≡ ¬b ∗ hnext

then, for x ∈ A \ s, we have:(
int x; while b do p; x := x + 1 done, (hb ⊕ h¬b)[0/x]

)
⇓
∑

x

h¬b ⊗ [x]x
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The symbolic semantics illustrated here is sound with respect to the denotational se-
mantics, allowing us to extract quantitative properties such as expectation values through
symbolic execution rather than explicit computation on CQ states.

Theorem 2 (Soundness).

∀(p, h1) ∈ Conf,∀h2 ∈ HPS, (p, h1) ⇓ h2 =⇒ JpK (cq(h1)) = cq(h2)

Corollary 1. For all (p, h1) ∈ Conf, h2 ∈ HPS, and observable A over H(s(h2)),

(p, h1) ⇓ h2 =⇒ E[A | JpK (cq(h1))] = E[A | cq(h2)]

In this form, we are able to extract the entire probability distribution of the number
of iterations before halting: P(x = x) = 1

2x+1 , from which we can deduce both the almost-
sure termination (AST) of the program, and the expected value of x, which is E[x] =∑
x · 1

2x+1 = 1. This type of analysis can be generalized to other types of resources. For
example, calculating the average number of gates of a certain type executed (e.g., expensive
T [23,18] or multi-qubit gates [16]).

3 Implementation

Our solution to resource estimation with hybrid path-sums is accompanied by a prototype
implementation IHPS of a Hybricks in Haskell consisting of a parser, a symbolic operational
semantics engine, and a TEX pretty-printer for visualizing the resulting hps.

Symbolic representations

Annotated Source Code Parser
Operational
Semantics

IHPS

Numbers
Printing TeX

Fig. 2: Overview of the pipeline of IHPS and its main components.

Concretely, running IHPS on the source code of CoinToss produces the (TEX code of
the) following hps (note: ↑ (true) = 1 and ↑ (false) = 0):

lim
x∈N

∑
y∈N

(〈
0, ↑ (y ≤ x) · 1√

2y+1
· |1⟩q[1]c[y]x

〉)
4 Conclusion

In this abstract, we have presented, to the best of our knowledge, the first symbolic se-
mantics of hybrid programs with general recursion and the first static resource analysis
approach for such programs. This approach is scalable, maintaining effectiveness in the
quantum-advantage regime where explicit computation on CQ states would be infeasible by
definition. The approach benefits largely from a strong rewrite system for hps to simplify
them, especially for proving invariants. For future work, we intend to enrich existing rewrite
systems for standard path-sums [1,2,25,24] to the hybrid case, and to implement those
rewrite systems in semi-automated/semi-interactive tools on top of our current prototype
implementation IHPS.
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A Nested while loops � �
1 bit c1; bit c2;
2 int x1; int x2;
3 qubit q1; qubit q2;
4 while(¬c2) do
5 H(q2);
6 c1 := 0;
7 while(¬c1) do
8 H(q1);
9 c1 := measure q1;

10 R(q2, r);
11 x1 := x1 + 1;
12 done;
13 H(q2);
14 c2 := measure q2;
15 x2 := x2 + 1;
16 x1 := 0;
17 done
 	
Fig. 3: The NestedWhile program.

With the symbolic representation introduced, it
is possible to analyse the behavior of complex while
loops symbolically without necessarily having to cal-
culate difficult limits over the reals or complex num-
bers. In fact, as long as a sequence of complex num-
bers (n[x]e2πip[x])x∈N can be expressed in closed form
using the syntax of Norm and Phase, its limit can be
expressed symbolically as well by injecting it into an
hps as such limx ⟨p, n · ∅⟩, due to the fact that scalars
are themselves vectors in F(∅).

Consider, for example, the nested loop in
the NestedWhile program in Fig. 3. Let Inner-
Loop be the section of the program between lines
7 and 12, and OuterLoop be the section between
lines 4 and 17. This program is designed specifically
to test the capabilities of our symbolic representa-
tion in the context of nested, communicating while
loops. The InnerLoop program is very similar to the
CoinToss program we have been using as a running
example which tosses qubit q1, except that it also
applies a rotation (line 10) R(qi, r) to a different
qubit q2 in a Hadamard basis state |+⟩ or |−⟩ at each iteration of the loop. This means
that the final phase applied to q2 after exiting the InnerLoop is then dependent on the
number of iterations k of the inner loop that were performed before the loop exited. This,
in turn, influences the probability distribution in the measurement of the second qubit q2 in
the OuterLoop program. In fact, each iteration of the OuterLoop roughly corresponds
to applying H · R(r)k · H to q2 before measuring it, thereby making the probability of
measuring 0 or 1 in c2 dependent on k.

By a similar analysis to CoinToss applied this time to InnerLoop, we find that,
starting at line 7, from a state

hinner,0
def=
∑

c

〈
0, 1 · |0⟩q1

|c⟩q2
[0]c1

[0]c2
[0]x1

[0]x2

〉
,

we reach, by line 12, the state

hinner,∞
def=
∑

x

∑
c

〈
xc

2r
,

1√
2x+1

· |1⟩q1
|c⟩q2

[1]c1
[0]c2

[x]x1
[0]x2

〉
.

Then, by line 17, we have reached the state

h17
def=
∑

c′

∑
x

∑
c

〈
xc

2r
+ cc′

2 ,
1√

2x+1
· |1⟩q1

|c′⟩q2
[1]c1

[c′]c2
[0]x1

[1]x2
(k)Z

〉
.

with c′ being introduced by an application of H after the InnerLoop and x being moved
out of x1 and into the history {x}Z by the resetting of x1 to 0 at line 16. Finally, the fact that
the first iteration of the OuterLoop has been performed is marked by the incrementation
of x2 to 1 at line 15 from 0 to 1.
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At this point, we wish to apply the strategy (Theorem 1) for analysing the OuterLoop
program by separating h17 into two parts hb[1/x] and h¬b[1/x], according to the values of c′

inhabiting c2 while extracting the closed form hb[x] and h¬b[x]; however, we are struck by an
issue: each iteration of the OuterLoop appears to introduce a new path variable x, meaning
that the size of the hps itself is dependent of the number of iterations of the OuterLoop.
Keeping it at that, we would be unable to find a closed form. However, we can separate the
probabilistic analysis of the inner loop from that of the outer loop as such:

h17 ≡
∑

c′

(∑
c

∑
k

〈
xc

2r
+ cc′

2 ,
1√

2x+1
· (k)Z

〉
⊗
〈

0, 1 · |1⟩q1
|c′⟩q2

[1]c1
[c′]c2

[0]x1
[1]x2

〉)

Then, we can define two hps α and β with null signatures (i.e. interpretable into scalars)
as such:

α def=
∑

c

∑
x

〈
xc

2r
,

1√
2x+1

· {x}Z

〉
β def=

∑
c

∑
x

〈
xc

2r
+ c

2 ,
1√

2x+1
· {x}Z

〉
Indeed, since s(α) = s(β) = ∅, both α and β are interpreted in CQ states as no more than

the scalar probability of obtaining the measurement outcomes 0 and 1 in c2 respectively:

cq(α) =
∑

x

1
2x+1

∣∣∣∣∣∑
c

e2πi xc
2r

∣∣∣∣∣
2

cq(β) =
∑

x

1
2x+1

∣∣∣∣∣∑
c

e2πi( xc
2r + c

2 )

∣∣∣∣∣
2

Those probabilities are highly non-trivial, and yet, we can represent them symbolically and
work however we wish with them, potentially rewriting them for easier computation, sending
them to a computer algebra system, or even deciding to approximate them numerically at
a later stage. In any case, this allows us to express the loop invariant of the OuterLoop
program as parametrized by the number of iterations x′ as such:

hb
outer[x′] def= αβx′

⊗
〈

0, 1 · |1⟩q1
|1⟩q2

[1]c1
[1]c2

[0]x1
[x′ + 1]x2

〉
h¬b

outer[x′] def= βx′+1 ⊗
〈

0, 1 · |1⟩q1
|0⟩q2

[1]c1
[0]c2

[0]x1
[x′ + 1]x2

〉
where

αx′ def=
⊗
x′′

(⟨0, ↑(l ≤ x′) · ∅⟩ ⊗ α+ ⟨0, ↑(1 ⊕ (x′′ ≤ x′)) · ∅⟩)

By applying Theorem 1 to the this pair of hps, we obtain the following limiting hps
for NestedWhile:

(NestedWhile, ⟨0, 1 · ∅⟩) ⇓
∑
x′

(
αx′

⊗
〈

0, 1 · |1⟩q1
|1⟩q2

[1]c1
[1]c2

[0]x1
[x′]x2

〉)
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Which allows us to deduce the probability distribution of the number of iterations of
the OuterLoop, despite the nesting and the communication of the two loops:

P(x2 = x′) = ∥α∥2 · ∥βx′
∥2

=

∑
x

1
2x+1

∣∣∣∣∣∑
c

e2πi xc
2r

∣∣∣∣∣
2
 ·

∑
x

1
2x+1

∣∣∣∣∣∑
c

e2πi( xc
2r + c

2 )

∣∣∣∣∣
2
x′

Once again, we can also extract the probability of termination as

P(termination) = ∥α∥2 ·
∑
x′∈N

∥β∥2x′

and, by the fact that we were able to represent it symbolically, we have the chance to apply
intelligent computation on P(termination) noting that it is a geometric series with ratio
∥β∥2 < 1; therefore, P(termination) = ∥α∥2

1−∥β∥2 = 1.
While this example is admittedly a bit ad-hoc, it is designed to illustrate what can be

done by the hps symbolic representation, and how symbolic execution can be performed
and composed in the context of nested while loops, all without necessarily having to decide
on difficult questions of convergence and the computation of limits.

B Weak measurement

Due to the probabilistic nature of quantum computing, it is very often the case that
the repeat-until-success schema appear in quantum algorithms. Consider, for instance, the
Grover search algorithm [13], which, given a predicate Q on the set of n-bit strings such
that Q(ω) = 1 for a unique ω, finds ω by preparing a quantum state with high probability
of being measured as |ω⟩ (expensive step) and measuring it. However, if the measurement
returns a string |ω′⟩ ̸= |ω⟩, the only hope is to restart from scratch.

An alternative is to replace the measurement step with the so-called weak κ-measurement [3]
which trades a decrease in the success probability from p to κp for the possibility not to
lose the state entirely when measurement fails. In the case of failure, instead of losing all
the amplitude of the |ω⟩ state, the weak measurement only drops it by a factor of

√
1 − κ.

The framework introduced is able to express κ-measurement and show that κ is a genuine
measure of strength in the following sense: it takes 1

κ weak measurements on average to
measure positively.

This is also the occasion to illustrate oracle-based analysis in the framework. Instead of
implementing the state preparation algorithm and the weak measurement algorithm con-
cretely, we can instead define them as the oracles Prepare which prepares a state h0 on a
signature s0 to be measured and WeakMeas-κ which performs the weak measurement stor-
ing the result in a new bit c. We can use these oracles by giving them the simple symbolic
semantics based on their specifications, as follows.

First, we assert that, for all s ⊆ A such that s ∩ (s0 ∪ {c}) = ∅, we have

s ⊢ Prepare : s ⊔ s0
s ⊔ s0 ⊔ {c} ⊢ WeakMeas-κ : s ⊔ s0 ⊔ {c}

Then, we provide the following symbolic semantics for those oracles:

(Prepare, h) ⇓ h⊗ h0
(WeakMeas-κ, h) ⇓

√
κ ·Q ∗ h⊤ +

√
1 − κ ·Q ∗ h⊥ + (¬Q) ∗ h⊥
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Here, the semantics of Prepare is straightforward: it simply ignores what’s in h, and
prepares a new state h0 along-side it. As for WeakMeas-κ, it results in two branches: either
the measurement succeeds, in which case we project the state h onto the subspace satisfying
the predicate Q (denoted Q∗−), or it fails, in which case we keep the failing part of the state
(¬Q) and reduce the amplitude of the success part by

√
1 − κ. The result of the measurement

is stored in the classical bit c (specifically, h⊤ is the h marked with success (c := 1, h) ⇓ h⊤,
and h⊥ is the h marked with failure (c := 0, h) ⇓ h⊥). Finally, the correct care is taken in
reducing the amplitude of each branch. We have skimmed over some technical details here;
check Remark 1 for more details.

With these oracles constructed, we can now write a program designed to express the
(conditional) average number of weak measurements necessary to obtain a positive mea-
surement as follows. � �

1 Prepare;
2 int x; bit c;
3 while (¬c) do
4 WeakMeas-κ;
5 x := x + 1;
6 done
 	

Given an initial state h0, and a classical predicate Q, we can split h0 into orthogonal
parts hgood and hbad satisfying or not the predicate Q respectively. The invariant of weak

measurement is then given by hb
i = hbad ⊗ [0]c ⊗ [i]x +

√
(1 − κ)i

hgood ⊗ [0]c ⊗ [i]x and h¬b
i =√

(1 − κ)i−1
κ hgood⊗[1]c ⊗[i]x with the limit state being h∞ =

∑∞
x=1

√
(1 − κ)x−1

κ hgood⊗
[1]c[x]x.

At that point, we conclude that the weak κ-measurement will succeed with probability∑∞
x=1 (1 − κ)x−1

κ|hgood|2 = |hgood|2 and fail (never terminating) with probability |hbad|2.
More importantly, conditional on success, the expected number of weak measurement nec-
essary is 1

κ . That is, κ does indeed express the strength of the measurement: κ = 1 is a
strong measurement, and as κ decreases, the measurement is buffered over more and more
iterations.

Remark 1. To be fully precise, Q is not itself an oracle here as boolean expressions, as is,
do not support oracles. We can either assume that we know Q, or envision a language with
oracles for boolean expressions (and perhaps all types). We don’t find this crucial to this
article in particular, but may be a feature of an implementation of the framework. Similarly,
for simplicity, κ, as used in Norm expressions, must be expressed as a constructible number;
there are no variables of the constructible type. This, in itself, is not a serious limitation
as we can write as an abstract rational κ = x1

x2
, considering that the rationals are dense in

the reals. However, once again, this detail, which would have been needlessly cumbersome
in the main text, is a possible feature of an implementation.
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