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Algebraic geometry has proven useful in several fields in computer science, for example in robotics [[1]],
computer vision [16], and cryptography [12]. Conversely, computational techniques have become influ-
ential in algebraic geometry with the advent of computer algebra systems [11]. Of particular interest to
us is the use of algebraic geometry in quantum information theory. Algebraic geometry can be used to
design classical codes with good asymptotic behavior [22], 4, [15 26} [27]], and these classical AG codes lift
to quantum error correction (QEC) codes with equally good properties [2} 21} (13} 18 17, 24} 25].

The ZH calculus natively supplies classical non-linearity [3]]. In the qubit case, this means it supplies all
classical boolean functions. In the qudit case, boolean functions become polynomials [23]]. Thus there are
maps of the form n —/>— m in the ZH calculus, corresponding to componentwise-polynomial functions f
of the computational basis. Maps of the form @ O are projectors onto the subspace spanned by basis
elements that are roots of f. This suggests there is a “classical backbone” of ZH that reasons about affine
varieties (solution sets of polynomials) over finite fields.

Classical algebraic structure inherent in quantum calculi is often best characterized by languages of the
Graphical Linear Algebra (GLA) family. For example, the CSS codes resulting from classical F,-linear
codes correspond to the phase-free fragment of the ZX calculus [19], which is picked out by the language
of interacting bialgebras [6]. Similarly, the language of interacting Hopf algebras [7), 28] picks out the
phase-free fragment of the qudit ZX calculus, which models the linear-relational core of qudit computation.
Expanding the algebraic structure from linear to affine algebra, the language of graphical affine algebra [J5]]
picks out the phase-free ZX with a Pauli X gate, which is the affine-relational core of qubit computation [9].
Finally, the language of affine Lagrangian relations picks out the stabilizer fragment of the ZX calculus [10].

The motivating question of this paper is: can we extend GLA in a principled and simple way, to pick
out the nonlinear “classical backbone” of the ZH calculus, corresponding to algebraic geometry over finite
fields? If so, can we provide a sound and complete set of rewrite rules for that extension?

The answers to both questions turn out to be yes. We construct a diagrammatic language, which we call
graphical algebraic geometry (GAG), for a span semantic of affine varieties over finite fields. We prove that
it is universal, sound, and complete. Furthermore, we show the intimate connection between GAG and the
Galois-Qudit ZH calculus [23}[14]. Using a catalysis-style argument [20]], we leverage the completeness of
GAG to solve the open problem of finding a complete set of rewrite rules for the Galois-Qudit ZH calculus.

The Polynomial Fragment

Throughout this project, we use the convention that p denotes a prime number, and ¢ = p' is some natural
number power of p, and F, denotes the finite field of size g.

Our first step is to construct a PROP with polynomials as its morphisms. Consider the Lawvere theory
]L'CAng of commutative algebras over a finite field F,, which is generated by the following operations:

— -0 o= o— D Gt o forallkeF,

copy delete addition Zero multiplication one scaling
modulo the usual axioms of commutative algebras, an extract of which is given below:
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Morphisms of a Lawvere theory are (dually) homomorphisms between the algebras of that theory that
are free and finitely generated [8]. For Lcalg,, @ morphism is just a tuple of polynomials over F,. For

example, for the polynomial tuple f = (x1 +x2, x1x3 +x%) e (Fy, [x1,%2,%3])2, we have

3 5 X1 X1 t+x2
Spt = om %J@ (1)
X3 L) X1X3 +x%

Structured Spans of Affine Varieties

In general, for a field &, a k-rational affine variety is (for our purposes) a subset of a space k" carved out by
some polynomial constraints:

V(Ao f)® ={x €k fi(x) = = fu(x) =0} )

If Vi C k™, V, C k™ are affine varieties, a morphism V| — V; is just a polynomial function g € (k[x1,...,x,,])"™
such that g(V}) C V5. These form a category Aff\/ar,(ck). When « is finite, this category is equivalent to the
category of finite sets: every subset of Iy is an affine variety; and every function between subsets is a
polynomial mapping. However, treating these as algebraic constructs is crucial to our results.

On a variety V(f1,..., fm)(k), any other polynomial f in the ideal generated by f1,..., f, also vanishes.
Thus we think of varieties always as varieties of ideals.

In particular, the spaces [ themselves are trivial varieties V(0)Fo) = Fy. Let G: {F;:n€N} —

Aff\/arg‘f) be the inclusion of these among all [F;-rational varieties. A G-structured span of affine varieties

is a diagram in Aff\/argq) of the form Iy, <— V' — F', modulo the usual notion of isomorphisms of spans.

These G-structured spans of affine varieties form a PROP ¢ Span(AffVarg")), where composition is the

usual composition of spans by pullback. This forms the target semantic of graphical algebraic geometry: the
Lawvere theory Lcmgq suffices as a language of the “forward-going” polynomials; we now seek a language
for a span-semantic of polynomials.

Graphical Algebraic Geometry

To create a graphical language for algebraic geometry over finite fields, we take the Lawvere theory LCA|gq,

freely adjoin it to its own opposite, to obtain a self-dual PROP L., = Lcagy +L¢'y, - This has semantics
q

in GSpan(AfF\/argq)) by sending a polynomial f € (Fy[xq,...,x,])" to the “graph” span (k" = k" ERN k™),

and dually, to the “cograph” span (k™ L= k).
We then find a set of rewrite rules £ which tell us how generators of Lcag, and ]Lg" leq should interact.
We show an extract of E in below.

(Z-SPEC) (z-FROB) (cup) (K-TRP) (QRED)
T P ol Mear O T amh

Here, f ranges over the generators of ILCNgq. This yields a the PROP ]Lspanq =L.,/E. The rule set E is

sound for our semantic, meaning that the functor L., —¢ Span(AffVa rlgq)) factors through Lspanq, yielding

a semantic functor [—|; : Lspan, —¢ Span(AfF\/arI(FE;")). Our main result is:
Theorem. The semantic functor [—), is well-defined as a PROP morphism, and fully faithful. In other
words, Lspan, is a sound, universal, and complete language for GSpan(AffVarg")).

For any polynomial mapping f € (Fy[x1,...,x,])", we have in ]Lspanq diagrams of the form @ ©
whose semantic is the span Iy, <= V(f) — [F7. These can be shown to respect the generation of ideals in

the way we expect, so that we may safely speak of gadgets of the form

ﬁ:: é} é e mevi o) 3)
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where [ is the ideal generated by f1,..., f,;. From these we may build diagrams in “span normal form”

o é . g <IFZ’ Lviy & ]Fg“) )
Thus all structured spans are expressible in our graphical language. Conversely, every diagram in Lgpan can
be rewritten, using our rewrite rules, into span normal form. Completeness, then, is shown by demonstrating
that two diagrams in span normal form, if they correspond to isomorphic spans, are rewriteable into each
other.

Because Aff\/arI(FH;") is secretly equivalent to FinSet, so our semantic category is in fact equivalent to
¢ Span(FinSet), which is in other words the category of N-entried matrices of g-power dimensions. The
(x,y)-th entry of a matrix corresponds to the number of points in the variety sitting above points x € [F7 and
y € Fg. In this way the language Lispan, is also sound, universal, and complete for Maty.

In general, the problem of rewriting two diagrams in Lgpan, is #P-hard. This can be seen by the fact
that determining the Maty semantics of no-input-no-output diagrams in Lspanq, where g = 2, is the same as
solving a #SAT instance.

Completeness of the Qudit ZH Calculus
Now we show that the qudit ZH calculus [23], [14]] can be obtained as a fairly minimal extension of ]Lspanq.

Consider the free dagger-PROP ng;‘; er generated by ]Lspanq together with the additional generators: (1)— M
q

YicF, @"®1j) and H q*%, and the following additional rules:

(Z1-CcoPY) (Z1-TRACE)
O = 8 =0 )

I
s

(GLOB-SCALE) (GLOB-SCALE)

Iftis odd:OO = If ¢ is even: @ =

where tr(x) = x” +--- +x is the field trace polynomial, and & is any element of I, with tr(&) = 1. This
extension is sufficient to represent the entirety of the qudit ZH Calculus over IF,. We illustrate by defining
a functor 17 : ZH — LFourier op the generators of ZH as follows:

Span,
0-0
n>o<m — n>@<m n>:<m —=on im O— =
Z spider H spider Jj-state
This functor is consistent with the matrix semantics of ZH and ng;‘rﬂ{er. Thus, we choose ng;gjff as our
axiomatization of ZH. First we show just how minimal an extension ng;‘r:iqe' is over ]Lspanq:

LFourier

Proposition. Any diagram D in Span
q

factors into a diagram D' containing only the generators of Lspanq

and a single (\)—, up to a finite scalar. In other words, the following rewrite holds in ng:;ier:
q

ol - ©
® [

So a single copy of the state in the fourier basis is sufficient to extend the expressive power of Lgpan, to
cover the entirety of the qudit ZH Calculus. This allows us to apply a catalysis-style argument to obtain,
from the completeness of ]Lspanq:

Theorem (Completeness of Galois-Qudit ZH). If D; and D, are diagrams in the Galois-Qudit ZH Cal-
culus over Fy, and [D\] = [D3], then Dy can be rewritten into D, using the rewrite rules of ngs‘lg'er.
q
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