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—— Abstract

Quantum Bayesian networks [6] provide a mathematical formalism to describe causal relations, to
analyse correlations, and to predict the probabilities of measurement outcomes, in systems involving
both classical and quantum data. They generalize Pearl’s Bayesian networks [10]—prominent graphical
models for classical probabilistic reasoning and inference.

This extended abstract reports on work [3] which brings compositional principles and a typing
discipline into this setting. A key feature of our compositional semantics is that when all causes are
classical, it coincides with the standard factor-based semantics of Bayesian networks, while in the
purely quantum case it reduces to tensor networks. We then propose a typed formalism based on
linear logic proof-nets, where types ensure well-behaved composition of systems.
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1 Introduction

This extended abstract reports on recent work on Quantum Bayesian networks. Details of
definitions and results can be found in the online preprint [3].

Pearl’s Bayesian networks [9, 10] provide a framework for reasoning under conditions of
uncertainty and partial knowledge, with a wide range of applications from statistics to epi-
demiology, economics and computer science. Bayesian networks have a dual nature, serving
both as probabilistic graphical models for classical probabilistic reasoning and inference, and
as causal models, precising the connections between observed data and causal relations.

When reasoning on quantum systems, the classical framework is not general enough to
account for entanglement and the non-local correlations observed in the Bell experiments. The
development of quantum causal models (see e.g. [1] and references therein) is an active research
area across quantum information and the foundations of quantum theory, advancing along
various axes. Its motivations span from foundational questions and non-locality, to enabling
device-independent cryptographic protocols, and to facilitating data-driven discovery.

We focus on Quantum Bayesian networks, a direct generalization of Pearl’s networks in-
troduced in foundational work by Henson, Lal, and Pusey [6]. They provide a mathematical
framework to describe causal relations, to analyse correlations, and to predict the probabilities
of measurement outcomes, in systems involving both classical and quantum data. The formal-
ism builds on previous work by Leifer and Spekkens [7], where the perspective is that of quantum
theory as a theory of inference. Quantum theory is indeed fundamentally probabilistic at its
core, as it is concerned with predicting the probabilities of measurement outcomes on a physical
system. In this sense, the prediction task can be framed as a problem of probabilistic inference
over models involving both classical and quantum data, as Example 1 illustrates. Probabilistic in-
ference then offers mathematical and logical tools to comprehend, predict, and control quantum
phenomena, essential to both the theoretical understanding and to quantum technologies.

» Example 1 (Alice & Bob: the Bell set-up). The directed acyclic graph in Fig. 1 describes
the well-known set-up for the Bell experiment. Alice and Bob—who stand in widely separated
laboratories—are each able to perform two possible measurements on a qubit (for example, meas-
uring it with respect to two different bases). Their colleague Quentin prepares a pair of qubits,
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Figure 1 Bell set-up (from [6]) Figure 2 Bell set-up as a quantum proof-net

sending one to Alice and the other to Bob. When Alice receives her qubit ¢, she chooses to ran-
domly perform one of the two possible measurements, by flipping a coin X. When Bob receives
his qubit ¢, he also performs a measurement, by flipping a coin Y. The result of the experiment is

Pr(a,b| z,y) = Pr(a,b,z,y)/ Pr(z,y) (1)
i.e. the probability that the (classical) outcomes of Alice and Bob measurements are respectively
a and b, given outcomes x for X and y for Y.

Bayesian Networks. In the framework of Bayesian networks, the causal structure is encoded
by a directed acyclic graph (DAG), where nodes represent random variables and edges express
conditional dependencies. The strength of the dependencies (or the degree of knowledge) is
quantified by conditional probability tables. The structure enables a compact representation of
large probability distributions, and efficient inference of marginals or conditionals through fac-
torization. The strength of Bayesian networks is to provide efficient inference algorithms (both
exact and approximate) that can answer queries about the underlying distribution without ex-
plicitly constructing it in full. Critically, the DAG includes both observable variables of interest
and hidden (unobserved) ones; we adopt the common convention of denoting classical hidden
variables by shaded nodes. In the quantum setting—as in the Bell’s experiments—hidden
variables play a central role, and they may correspond to quantum systems.

Semantics and Inference. The semantics of a Bayesian network is the probability distribution
it defines. More accurately, what one seeks is the marginal distribution over variables of interest.
Exact inference computes it precisely. This involves two key operations:

product (composing) + summing-out (hiding) irrelevant variables.

The formalization and theory of inference rely on a class of functions, known as factors,
which is an abstraction of conditional probability distributions. Tractability and efficiency rely
on their properties, and specifically on two key aspects: 1. the product of factors inherently
shares variables, and 2. product and sum distribute under suitable conditions—pushing the
sum on smaller components reduces the size of computations.

Quantum Bayesian Networks, issues. Quantum Bayesian networks are still an emerging
field, not as developed as their classical counterparts. A crucial missing feature is the ability to
compute the semantics of the model (the desired marginal distribution) through intermediate,
partial computations, without ever computing the full joint distribution. Put differently,
what is lacking is compositionality, which would enable computing a model’s denotation as
a function of its subparts, alongside modular reasoning. A closely related question concerns
modularity: when can causal descriptions of systems as subparts be used to construct larger
models? A well-established tool to ensure modularity are types, that specify precise contracts
(e.g. input/output behaviors) for the components of a system.

Our goal is twofold.
To address the lack of compositionality and modularity in the setting of Quantum Bayesian
networks by introducing methods and concepts from denotational semantics and proof
theory, thereby enabling compositional principles and a typing discipline.
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To develop a framework that is fully compatible with Bayesian networks and Bayesian
inference, thus paving the way for the application of the techniques developed in that context.

Compositionality and modularity facilitate reasoning about complex systems and their
properties, ensuring that the meaning of the system can be derived systematically and in a
principled way from the meanings of its parts, and allowing components to be analyzed, replaced,
and reused independently. Compositionality also enables modular reasoning about inference.

Types serve as abstract characterizations of systems behaviors, constraining and guiding
their formation. Types discipline statically guarantees fundamental semantic properties such
as termination, consistency, and compositional correctness. Well-typed programs exhibit well-
behaved execution and preserve probabilistic and quantitative invariants throughout evaluation.

Encompassing the Bayesian networks semantics. As seen in Example 1 (the Bell set-up),
even for systems involving quantum sources of causality, only the classical outcomes of meas-
urements can be observed. Thus, what a model ultimately defines is a probability distribution
over classical variables—such as Eq. (1). From the inference perspective, it is desirable to
have a framework enabling also (when relevant) the extensive set of inference techniques and
algorithms developed in the Bayesian networks domain. To make this possible, our semantics
integrates and generalizes a notion which is key to exact inference algorithms—that of factor.

Contributions and challenges. Our first contribution is to develop a compositional semantics,
which allows for the interpretation and modular combination of components. We adapt
Selinger’s semantics in [11] to take into account the factor-based approach of Bayesian networks.
The main technical challenge is to conciliate two very different behaviors:
Classical variables share their values, and they do so in an efficient way: the mathematical set-
ting underlying Bayesian networks integrates this feature in the very definition of the product
of factors, and exploits it to obtain compact representations and efficient calculations.
Quantum data cannot be shared: a defining feature of quantum computing is the No-Cloning
Theorem, implying that qubits cannot be duplicated nor broadcast to multiple receivers.

We satisfy both requirements by introducing quantum factors whose mathematical devel-
opment is our main and most technical result. Remarkably, when all causes are classical, our
framework exactly coincides with the standard factors-based semantics of Bayesian networks,
while in the purely quantum case, it behaves like tensor networks. We rely on quantum factors
to reformulate the definition of quantum Bayesian networks. Our factor-based formalism is
equivalent to that of [6], however our semantics enables a compositional interpretation by
sub-components, unlike the original definition (see [6, page 12]). A crucial aspect to achieve
compositionality is that quantum factors are closed under both product and sum-out (é.e.,
marginalization of unobserved variables). Finally, we explore a typed graphical formalism based
on linear logic proof-nets, where types ensure well-behaved compositions of systems.

Motivational examples: compositionality and modularity
Two examples can illustrate the desiderata and issues with compositionality and modularity.

Compositionality. Consider the DAG in Fig. 3. The nodes X,Y produce a classical output,
while @1, Q2 have a quantum nature. Can we compute the semantics of the model in terms
of sub-components—as for example the highlighted sub-graphs? The approach in [6] does not
adapt well to an interpretation by component, because it has a global nature (more details in [3]).

Do parts compose well?  'When considering components (possibly with open inputs), a natural
question somehow dual to the previous one is whenever independently defined components
compose well. Consider the three valid DAGs in Fig. 4. The leftmost, Ny, waits for an input A
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Figure 3 Compositionality Figure 4 Modularity

and outputs C. The others, M7 and N3, wait for the same input C' and both output A and D.
One easily checks that the graph obtained by plugging together Ny and N; (matching inputs
and outputs) is a DAG, whereas the graph which plugs together Ay and N has a directed cycle.
By moving to typed graphs, we guarantee that composing graphs of compatible types produces a
DAG. Rather than defining yet-another-syntax, we encode quantum Bayesian networks into the
graph syntax of linear logic: proof-nets. We do so by building on a recent line of work connecting
(classical) Bayesian networks with proof-nets [4, 5, 2]. Each proof-net is typed by a sequent in
multiplicative linear logic. As we will see (Fig. 6), the DAGs in Fig. 4 admit the following typing:
NoFA—C, Nll_(A—OC)—OD, NQ"(A@C_)—OD

In particular, ANy and N7 compose together, producing a DAG of output D, while A5 cannot

be given any type that matches the one of N.

2  Quantum Bayesian Networks

A quantum Bayesian network is a DAG with nodes a set of r.v.s X and a set of quantum
systems Q. We will associate to each node a function—called quantum factor—from Val(X)
to positive operators [8] on the relevant Hilbert space. We will then interpret in the same way
quantum Bayesian networks, as well as any sub-component.

We assume given a countable set Q of indexed qubits qg, 1, etc. with associated 2-dimensional
Hilbert spaces Hq,, Hq,, etc. We call quantum register a finite set of qubits () C Q, whose

associated Hilbert space is Hq & Q,cq Ha-

» Definition 2 (Quantum Factor (Q-factor)). Let X be a set of random variables and Q a
quantum register. A quantum factor (shortened as Q-factor) ¢ over (X, Q) is a function
¢ Val(X) = L(Hg) " (2)

mapping each tuple of values x to a positive operator from Hg to Hy.

We show in [3] that Q-factors admit and are closed under both product ® and summing-out
> operations. Remarkably, Q-factors encompasses both factors from Bayesian networks theory
and tensor networks:

For Q-factors ¢ and ¢’ over classical variables only, ¢ ® ¢’ is the product of factors and

> x ¢ is the sum-out of factors.

For Q-factors ¢ and ¢’ over quantum registers only, ¢ ® ¢’ is the product of tensor networks.

Quantum Bayesian Networks. We formulate quantum Bayesian networks as DAGs with
a Q-factor for each node. These Q-factors must respect some technical condition, indicating
each of them corresponds to a quantum instrument [12].

» Definition 3 (Quantum Bayesian Network (QBN)). A quantum Bayesian network (QBN)
over a set of r.v.s X and a set of disjoint quantum registers Q is a pair (G, ®) where:

G is a directed acyclic graph over the set of nodes X U Q;

each out-edge of a node Q € Q is labelled by a non-empty register Q;, with W;Q; = Q;
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Figure 5 Grammar of nodes for proof-nets. Atoms in the conclusions of a box are pairwise distinct.
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Figure 6 Modularity through typing

each out-edge of a node X € X is labelled by X ;
® assigns to each V€ XU Q a Q-factor (respecting some conditions) over V and the r.v.s
and qubits labelling its in-edges.

» Example 4 (Alice's Q-factor). Referring to Fig. 1, we want to model the fact that Alice (the
node A) performs the following operations, depending on the outcome of X. Given zt, Alice
measures the qubit ¢; on the (|0),[1)) basis, returning a' if she obtains |0) and a/ otherwise.
Given 27, Alice measures q; on the (|—) , [4)) basis, returning a? if she obtains |+), af otherwise.
With A is associated the Q-factor over ({4, X}, {q1}) ¢* : Val(A) x Val(X) — L(H,)*:
(a,2') = 0)(0 = [5¢] (@af) = Q] = [§9]
(@ af) = ) (H =51 ] @, af) = ) (=l=3[4 7]

Semantics and Compositionality. The semantics of a QBN is a probability distribution.

» Definition 5. For B = (G, ®) a QBN over r.v.s X and registers Q, its semantics is

B O ov)

VexuQ

» Proposition 6. With the same notations as above, (B) is a probability distribution over X.

» Proposition 7 (Compositionality). Let B = (G, ®) be a QBN, and By = (G1,P1) and
By = (Ga, ©2) a partition of it in two sub-networks (i.e. G = Gy W Gs). Then:
(B) = (B1) © (B2)

3 Quantum (Bayesian) Proof-Nets

We introduce quantum proof-nets as a typed version of QBNs, built on the graph formalism of
Multiplicative Linear Logic. They are graphs built from the grammar in Fig. 5 and respecting
some conditions. Any quantum Bayesian network can be encoded as a quantum proof-net and,
conversely, to any quantum proof-net of appropriate type is associated a QBN—see Figs. 1
and 2 for an example. What we gain by moving to the typed setting of proof-nets is:
This formalism not only encodes QBNs but also enables formalizing (and working with)
sub-networks.
Typing allows us to modularly compose quantum proof-nets of compatible interfaces.
Finally, we have a linear form of high-order, as already sketched in Fig. 4 where a network
of type (A — C') — D is expecting as input a network of type (A — C).

Fig. 6 revisits the motivational example of Fig. 4 in our typed setting. Types enable
composition, by acting as an interface which encodes (via ® and %) the structure of the DAG.
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