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Abstract

Polylogarithmic time delineates a relevant notion of feasibility on several classical compu-
tational models such as Boolean circuits or parallel random access machines. As far as the
quantum paradigm is concerned, this notion yields the complexity class fbqpolylog of func-
tions approximable in polylogarithmic time with a quantum random access Turing machine.
We introduce a quantum programming language with first-order recursive procedures, which
provides the first programming language-based characterization of fbqpolylog. Each program
computes a function in fbqpolylog (soundness) and, conversely, each function of this com-
plexity class is computed by a program (completeness). We also provide a compilation strategy
from programs to uniform families of quantum circuits of polylogarithmic depth and polynomial
size, whose set of computed functions is known as qnc, and recover the well-known separation
result fbqpolylog ⊊ qnc.

Introduction
Motivation. In order to check that quantum programs can be compiled and executed on a quan-
tum computer, one has to design restrictions and constraints implying that quantum programs do
not break the laws of quantum mechanics, for example, no-cloning of data and unitarity of operators.
In addition, there is a need to tame their complexity in order to ensure their feasibility, that is, the
fact that programs do not use too much space and time resources.

Taking inspiration from the classical world, this kind of issue has lead to the definition and study
of several quantum polynomial time classes. One of the most striking examples of such classes is
bqp, the quantum analog of the class of bounded-error probabilistic polynomial time problems bpp.
By Yao’s theorem [11], bqp corresponds exactly to what can be computed by uniform families of
quantum circuits of polynomial size. This class, as well as its extension to functions, fbqp, have been
characterized through various means, including function algebras [7] and first-order programs [5].

A natural question is then to study subpolynomial complexity classes. In the literature, poly-
logarithmic (polylog) time has been introduced and studied on Quantum Random-Access Turing
Machine (QRATM) [4]. As in the classical case, this definition uses random-access machines, as
opposed to standard quantum Turing machines, because of the sub-linearity of time: although the
machine cannot read its entire input, it can access any input bit or qubit. On quantum models, poly-
log time corresponds to problems that a QRATM can solve in a polylog number of steps, leading to
the definition of the complexity class fbqpolylog [8, 9] of functions computable with bounded-error
in quantum polylog time.

A main open problem is to design programming languages characterizing such a polylog class
abstracting from the low-level considerations (machines, uniformity conditions, etc.) [10].

∗This is an extended abstract of [3] presented at MFCS’25.
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(Integers) i ≜ x | k | i± k | i/2 | |l|
(Booleans) b ≜ i ≥ i | . . . | b ∧ b | . . .
(Qubit lists) l ≜ q̄ | l⊖ [i] | l⊟ | l⊞
(Qubits) q ≜ l[i]
(Statements) S ≜ skip; | q ∗= Ug(i); | S S | if b then {S} else {S}

| qcase q of {0 → S, 1 → S}
| call proc(l1, . . . , ln);

(Procedure decl.) D ≜ ε | decl proc(q̄1, . . . , q̄n){S}, D
(Programs) P ≜ D :: S

Figure 1: Syntax of programs

Contributions. This paper makes a first step towards solving this problem. Towards that end,
we introduce a quantum programming language with first-order recursive procedures, named plp
for PolyLog Programs (Figure 1), on which we obtain the following results:

• plp programs are terminating and reversible.

• plp is sound for fbqpolylog, i.e., each plp program computes a function in fbqpolylog.
Soundness relies on the use of a bounded recursion scheme for procedures to enforce the
required polylog time properties, as illustrated by the binary search example.

• plp is complete for fbqpolylog, i.e., each function of this complexity class is computed by a
plp program. Completeness is shown by a direct encoding of polylog QRATM in plp.

• plp is also sound but not complete for qnc. For soundness, we outline a compilation algorithm
that from a plp program and its input size outputs a quantum circuit of polylog depth and
polynomial size, i.e., circuits computing functions in qnc. Completeness does not hold as it is
well-known that fbqpolylog is strictly included in qnc.

Related Work. A characterization of bqpolylog based on a function algebra has been provided
in [8, 9], where a fast quantum recursion scheme is used to ensure that programs terminate in
polylogarithmic time. Our work employs a similar bounded recursion scheme, using a simple divide-
and-conquer strategy on qubits. This characterization can be seen as simpler and more natural
approach since an imperative first-order programming language is more accessible to the typical
programmer.

First-Order Quantum Programs
Syntax. The considered language is a quantum programming language with first-order recursive
procedures whose syntax is provided in Figure 1. There are four basic types τ for expressions:
Integer expressions are variables x, constant k ∈ N, arithmetic operations like i± k or i/2,1 as well
as the size |l| of a list of qubits l. Boolean expressions are defined in a standard way. Qubit lists
are lists of unique (i.e., non-duplicable) qubit pointers. A qubit list expression l is either a variable
q̄, the first (respectively second) half l⊟ (resp. l⊞) of the qubit list l, or a list l ⊖ [i] where the i-th
element of l has been removed.Qubit expressions are of the shape l[i], which denotes the i-th qubit
in l. We also define syntactic sugar for pointing to the n-th last qubit in a list, by defining for any
n ≥ 1, q̄[−n] ≜ q̄[|q̄| − n+ 1].

A program P ≜ D :: S is defined in Figure 1 as a list of (possibly recursive) procedure declara-
tions D, followed by a program statement S. Statements include the no-op instruction, (single-qubit)
unitary application, sequences, conditional, quantum case, and procedure calls. For sake of univer-
sality [2], in a unitary application q ∗= Ug(i);, the unitary transformation Ug(i) ∈ K2×2 can take an

1The semantics of /2 will be defined as the ceiling of the result, hence it preserves the set of integers.
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integer i and a function g ∈ Z → [0, 2π) as optional arguments2, and we omit them when they are
of no use.

The quantum conditional qcase q of {0 → S0, 1 → S1} allows branching by executing state-
ments S0 and S1 in superposition according to the state of qubit q. When we want to treat cases on
multiple qubits, we simply the nested qcases by writing qcase q1, q2 of {00 → S00, 01 → S01, 10 →
S10, 11 → S11}.

Semantics. Let B ≜ {0, 1} denote the set of Booleans and L(N) denote the set of lists of natural
numbers, [ ] being the empty list. We interpret basic types as follows:

JIntegersK ≜ Z JBooleansK ≜ B JQubit listsK ≜ L(N) JQubitsK ≜ N

Qubits are interpreted as integers (pointers) and qubit lists are interpreted as lists of pointers.
Given a program P, let the length of P be a function mapping each qubit variable q̄ ∈ V ar(P)

to an integer len(q̄) ∈ N. We write lenP as a shorthand for
∑

q̄∈V ar(P) len(q̄) and len<q̄
P as a

shorthand for
∑

q̄′∈V ar(P), q̄′<q̄ len(q̄
′).

A configuration c of program P over lenP qubits is of the shape

(S, |ψ⟩ , A, f) ∈ (Statements ∪ {⊤,⊥})×H2lenP × (V ar(P) → P(N))× (V ar(P) → L(N)),

where ⊤ and ⊥ are two special symbols denoting termination and error, respectively, where |ψ⟩ ∈
H2lenP is a quantum state, and where, for each qubit list q̄ ∈ V ar(P), A(q̄) is the set of qubit pointers
accessible from q̄ and f(q̄) is the list of qubit pointers assigned to q̄.

Given a program P ≜ D :: S, with n = lenP, let Confn be the set of configurations over n
qubits. The initial configuration in Confn on input state |ψ⟩ ∈ H2n is cinit(|ψ⟩) ≜ (S, |ψ⟩ , q̄ 7→
{1, . . . , len(q̄)}, q̄ 7→ [1, . . . , len(q̄)]). A final configuration can be defined in the same way as
cfinal(|ψ⟩) ≜ (⊤, |ψ⟩ , q̄ 7→ {1, . . . , len(q̄)}, q̄ 7→ [1, . . . , len(q̄)]).

Each unitary transformation U of a unitary application q ∗= Ug(i); comes with a function JUK
assigning a unitary matrix JUK(g)(n) ∈ K2×2 to each integer n and function g ∈ Z → [0, 2π). We
restrict ourselves to three kinds of gates: the phase gate Ph, rotation gate RY and NOT gate NOT,
whose semantics is defined as follows:

JPhK(g)(n) ≜
(
1 0
0 eig(n)

)
JRYK(g)(n) ≜

(
cos(g(n)) − sin(g(n))
sin(g(n)) cos(g(n))

)
JNOTK(·)(·) ≜

(
0 1
1 0

)
The big-step semantics · −→ · is defined as a relation in

⋃
n∈N Confn×Confn. We write JPK(|ψ⟩) =

|ψ′⟩, whenever cinit(|ψ⟩) −→ cfinal(|ψ′⟩) holds. If the program P terminates on all inputs (i.e., always
reaches a final configuration) then JPK is a total function on quantum states.

When an input state is defined by different qubit lists, we denote them in subscript. For instance,
for x, y ∈ {0, 1}∗ and m ∈ N, we have that |x⟩q̄1

|y⟩q̄2
indicates state |x⟩ given as input to qubit list

q̄1, state |y⟩ given as input to qubit list q̄2.

Example (Binary search). Let x ∈ 0∗1∗2∗ be a sorted string and x̂ denote the encoding of x as a
binary given by 0̂ ≜ 00, 1̂ ≜ 01, and 2̂ ≜ 10. Program SEARCH in Figure 2 computes the function
JSEARCHK(|x̂⟩q̄1

|0⟩q̄2
) = |x̂⟩q̄1

|b⟩q̄2
, where b ∈ {0, 1} indicates whether x contains a 1 or not.

Polylogarithmic time restrictions. We now define some restrictions on the admissible programs
to guarantee that they terminate in polylogarithmic time (i.e., each procedure cannot perform more
than a polylogarithmic number of recursive calls in the input size) and that their total number of
sequential procedure calls (i.e., calls that are not in superposition) is bounded polylogarithmically.

Towards that end, we define a relation between procedures to account for recursion. Given a
program P, and two procedures proc and proc′ appearing in P, let proc ∼P proc denote that proc
and proc′ are mutually recursive.

2In the case of quantum polynomial time, Adleman et al. [1] showed how the choice of amplitudes can affect the
expressivity of classes such as bqp, requiring the restriction of polynomial-time approximable complex amplitudes.
How the set of amplitudes influences the class fbqpolylog remains an open question, as discussed in [8, 9], and so we
abstain from the use of the entire set of complex numbers and instead use a field K which may refer to, for instance,
polynomial-time approximable complex amplitudes.
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SEARCH

1 decl search(q̄1, q̄2) {
2 if |q̄1| > 1 then {
3 qcase q̄1[|q̄1|/2, |q̄1|/2 + 1] of {
4 00 → call search(q̄⊞1 ⊖ [1], q̄2); ,
5 01 → q̄2[1] ∗= NOT; ,

6 10 → call search(q̄⊟1 ⊖ [−1], q̄2); ,
7 11 → skip; }
8 } else { skip; }
9 } ::

10 call search(q̄1, q̄2);

Figure 2: Binary search as an example of a plp program.

Definition. A program P is said to be recursively halving, denoted P ∈ half, if for each procedure
proc ∈ P and for each procedure call call proc′(l1, . . . , ln);∈ Sproc,

if proc ∼P proc′ then there are 1 ≤ i ≤ n and l such that l⊟ or l⊞ appears in li.

This restriction can be viewed as a recursion scheme, which implies a polylogarithmic time bound
on programs in half by ensuring that in every (mutually) recursive procedure call at least one of
the input qubit lists is cut in half.

Now we impose a further condition on the number of sequential (mutually) recursive procedure
calls. For that purpose, we define the width of a program P in the following way.

Definition. Given a program P, the width of a procedure proc ∈ P is defined by widthP(proc) ≜
wproc

P (Sproc) where wproc
P (S) is defined inductively on statements as follows. For basic instruc-

tions, wproc
P (skip; ) = wproc

P (q ∗= Ug(i); ) ≜ 0.For the composition of statements, wproc
P (S0 S1) ≜

wproc
P (S0) + wproc

P (S1). Both classical and quantum branching admit the same width, as we have
that wproc

P (if b then {S1} else {S0}) and wproc
P (qcase q of {0 → S0, 1 → S1}) both correspond to

max(wproc
P (S0), w

proc
P (S1)). Finally, for procedure calls,

wproc
P (call proc′(l1, . . . , ln); ) ≜

{
1, if proc ∼P proc′,

0, otherwise.

The width of a program width(P) is defined by width(P) ≜ maxproc∈P widthP(proc). Let width≤1

be defined by width≤1 ≜ {P | width(P) ≤ 1}.
Definition. The set plp of PolyLog Programs is defined by plp ≜ half ∩ width≤1.

Example. Program SEARCH in Figure 2 can be shown to be in plp. This program only contains
one procedure search, that is recursive (as search ∼SEARCH search holds). It is then easy to check
that SEARCH ∈ half as the recursive procedure calls are performed either on qubit lists q̄⊟ or q̄⊞.
Furthermore, we verify that SEARCH ∈ width≤1 by computing widthSEARCH(search):

wsearch
SEARCH(S

search) = max(wsearch
SEARCH(qcase . . . ), 0) = max(wsearch

SEARCH(call search(q̄
⊞
1 ⊖ [1], q̄2); ),

wsearch
SEARCH(call search(q̄

⊟
1 ⊖ [−1], q̄2; )))

= max(1, 1) = 1.

A Characterization of Quantum Polylog Time
plp characterizes exactly the functions in fbqpolylog, the class of quantum polylog time ap-
proximable functions. That is, programs in plp compute functions in fbqpolylog (Soundness)
and, reciprocally, for any function in fbqpolylog, there exists a plp program that computes it
(Completeness).
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q̄1

q̄2

q̄1

q̄2

q̄1

q̄2

|0⟩
|0⟩

(a) in-depth

(b) merging

Figure 3: Compilation strategies for search defined in Figure 2.

Main result. We denote by JplpK the set of functions computed by programs in plp. That is
JplpK ≜ {JPK | P ∈ plp}. A program P approximates function f : {0, 1}∗ → {0, 1}∗ with probability
p ∈ [0, 1] if ∀x ∈ {0, 1}∗, | ⟨f(x)|JPK(x)⟩ |2 ≥ p, in other words if for all input, the output of P
coincides with f with probability at least p. The set of functions that can be approximated with
probability at least p is denoted by JplpK≥p.

Theorem (Soundness & Completeness). JplpK≥ 2
3
= fbqpolylog.

Proof. Soundness is proved via the fact that the half and width≥1 restrictions imply a polyloga-
rithmic bound for the depth of the call tree and a logarithmic bound on the degree of this tree. Then
we show that if some plp program P approximates f , then the poly-logarithmic time QRATM sim-
ulating P also approximates f and guarantees that f ∈ fbqpolylog. Conversely, for completeness,
given a polylog time QRATM M , we define a plp program that simulates M .

Circuit compilation. The compilation strategy takes inspiration from [5, 6] which in particu-
lar uses ancillas to factorize the circuits representing procedure calls in branches so as to prevent
exponential blow-up of the circuit size. Their technique is called anchoring and merging as when
a procedure call is first encountered, an ancilla is associated to this call (anchoring), and when a
subsequent call to this procedure happens with an input of the same size, this second call is then
merged with the first (merging). This way, instead of doubling the size of the circuit whenever
recursive calls appear in separate branches of a qcase, as in program SEARCH of Figure 2, the size
grows linearly in the number of nested recursive calls, hence preventing the exponential blow-up in
complexity from the use of the quantum control statement [12].

Figure 3 exemplifies this phenomenon on the SEARCH program: the circuit on the left represented
by a grey and white box the circuit for the search procedure applied to q̄1, q̄2. Since this procedure
has two calls to itself, its natural compilation gives an in-depth duplication of the calls. The an-
choring/merging process entails a single recursive compilation at the price of an overhead in terms
of ancillary qubits and permutations. Importantly, controlled permutations can be performed in
logarithmic depth, which ensures that the final circuit size and depth bounds place all plp programs
in qnc.

Theorem (Compilation). Given a plp program P, and input size n =
∑

q̄∈V ar(P) |q̄|, the quantum
circuit produced by the compilation process is of size O(n polylog(n)) and depth O(polylog(n)).
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