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Abstract
We introduce the LS

!
-calculus, a linear lambda-calculus extended

with scalar multiplication and term addition, that acts as a proof

language for intuitionistic linear logic (ILL). These algebraic opera-

tions enable the direct expression of linearity at the syntactic level,

a property not typically available in standard proof-term calculi.

Building upon previous work, we develop the LS
!
-calculus as an

extension of the LS
-calculus with the ! modality. We prove key

meta-theoretical properties—subject reduction, confluence, strong

normalisation, and an introduction property—as well as preserve

the expressiveness of the originalLS
-calculus, including the encod-

ing of vectors and matrices, and the correspondence between proof-

terms and linear functions. A denotational semantics is provided

in the framework of linear categories with biproducts, ensuring a

sound and adequate interpretation of the calculus. This work is part

of a broader programme aiming to build a quantum programming

language grounded in linear logic. This is an extended abstract of

[17] (also available at arXiv:2504.12128 ).

1 Introduction
The design of proof languages plays a central role in both logic

and programming languages, particularly when reasoning about

resource usage and algebraic computation. Linear Logic [22] pro-

vides a framework for such reasoning, but its standard proof-term

calculi do not make linear properties explicit at the syntactic level,

such as distribution over addition or scalar multiplication. This lack

of syntactic expressiveness limits its applicability in settings like

quantum computing, where linearity is not just a property but a

fundamental constraint.

Linear Logic is named as such because it is modelled by vec-

tor spaces and linear maps, and more generally by monoidal cate-

gories [5, 6, 21, 24]. These types of categories also include the so-

called Cartesian categories, generating a formal place of interaction

between purely algebraic structures and purely logical structures,

i.e. between algebraic operations and the exponential connective

“!”. Functions between two propositions are linear functions. How-

ever, expressing this linearity within the proof-term language itself

is challenging. Properties such as 𝑓 (𝑢 + 𝑣) = 𝑓 (𝑢) + 𝑓 (𝑣) and
𝑓 (𝑎 · 𝑢) = 𝑎 · 𝑓 (𝑢), for some scalar 𝑎, require operations like ad-

dition and scalar multiplication, which are typically absent in the

proof language.

In [13] this challenge has been addressed by introducing the

LS
-calculus, a proof language for the strictly linear fragment of in-

tuitionistic linear logic (IMALL) extended with syntactic constructs

for addition (+) and scalar multiplication (•). While the extension

does not change provability, it enables the expression of linear prop-

erties at the term level, such as distributivity of functions over sums

𝑡 = 𝑥 | 𝑡 + 𝑢 | 𝑎 • 𝑡
| 𝑎.★ | 𝛿1 (𝑡,𝑢) (1)
| 𝜆𝑥𝐴 .𝑡 | 𝑡 𝑢 (⊸)
| 𝑡 ⊗ 𝑢 | 𝛿⊗ (𝑡, 𝑥𝐴𝑦𝐵 .𝑢) (⊗)
| ⟨⟩ (⊤)

| 𝛿0 (𝑡) (0)
| ⟨𝑡,𝑢⟩ | 𝛿1

&
(𝑡, 𝑥𝐴 .𝑢) | 𝛿2

&
(𝑡, 𝑥𝐵 .𝑢) (&)

| inl(𝑡) | inr(𝑡) | 𝛿⊕ (𝑡, 𝑥𝐴 .𝑢,𝑦𝐵 .𝑣) (⊕)
| !𝑡 | 𝛿! (𝑡, 𝑥𝐴 .𝑢) (!)
Introductions Eliminations Connective

Figure 1: The proof-terms of the LS
!
-calculus.

and scalar multiplication. For example, any proof-term 𝑡 of 𝐴 ⊸ 𝐵

satisfies that 𝑡 (𝑢 + 𝑣) is observationally equivalent to 𝑡 𝑢 + 𝑡 𝑣 .

Similarly, 𝑡 (𝑎 • 𝑢) is equivalent to 𝑎 • 𝑡 𝑢.
This extension involves changing the proof-term ★ of proposi-

tion 1 into a family of proof-terms 𝑎.★, one for each scalar 𝑎 in a

given fixed commutative semiring S:

⊢ 𝑎.★ : 1
1𝑖 (𝑎)

The following two deduction rules have also been added:

Γ ⊢ 𝑡 : 𝐴 Γ ⊢ 𝑢 : 𝐴

Γ ⊢ 𝑡 + 𝑢 : 𝐴
sum

Γ ⊢ 𝑡 : 𝐴
Γ ⊢ 𝑎 • 𝑡 : 𝐴

prod(𝑎)

Incorporating these rules requires adding commuting rules to

preserve cut-elimination. Indeed, the new rules may appear be-

tween an introduction and an elimination of some connective. For

example, consider the following derivation.

Γ ⊢ 𝐴 Γ ⊢ 𝐵
Γ ⊢ 𝐴 & 𝐵

&𝑖

Γ ⊢ 𝐴 & 𝐵
prod(𝑎)

Γ, 𝐴 ⊢ 𝐶
Γ ⊢ 𝐶 &𝑒1

To achieve cut-elimination, we must commute the rule prod(𝑎)

either with the introduction or with the elimination, as follows:

Γ ⊢ 𝐴
Γ ⊢ 𝐴 prod(𝑎)

Γ ⊢ 𝐵
Γ ⊢ 𝐵 prod(𝑎)

Γ ⊢ 𝐴 & 𝐵
&𝑖

Γ, 𝐴 ⊢ 𝐶
Γ ⊢ 𝐶 &𝑒1

Γ ⊢ 𝐴 Γ ⊢ 𝐵
Γ ⊢ 𝐴 & 𝐵

&𝑖
Γ, 𝐴 ⊢ 𝐶

Γ ⊢ 𝐶 &𝑒1

Γ ⊢ 𝐶 prod(𝑎)
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Υ;𝑥𝐴 ⊢ 𝑥 : 𝐴
lin-ax

Υ, 𝑥𝐴;∅ ⊢ 𝑥 : 𝐴
ax

Υ;Γ ⊢ 𝑡 : 𝐴 Υ;Γ ⊢ 𝑢 : 𝐴

Υ;Γ ⊢ 𝑡 + 𝑢 : 𝐴
sum

Υ;Γ ⊢ 𝑡 : 𝐴
Υ;Γ ⊢ 𝑎 • 𝑡 : 𝐴

prod(𝑎)

Υ;∅ ⊢ 𝑎.★ : 1
1𝑖 (𝑎)

Υ;Γ ⊢ 𝑡 : 1 Υ;Δ ⊢ 𝑢 : 𝐴

Υ;Γ,Δ ⊢ 𝛿1 (𝑡,𝑢) : 𝐴
1𝑒

Υ;Γ, 𝑥𝐴 ⊢ 𝑡 : 𝐵
Υ;Γ ⊢ 𝜆𝑥𝐴 .𝑡 : 𝐴 ⊸ 𝐵

⊸𝑖
Υ;Γ ⊢ 𝑡 : 𝐴 ⊸ 𝐵 Υ;Δ ⊢ 𝑢 : 𝐴

Υ;Γ,Δ ⊢ 𝑡 𝑢 : 𝐵
⊸𝑒

Υ;Γ ⊢ 𝑡 : 𝐴 Υ;Δ ⊢ 𝑢 : 𝐵

Υ;Γ,Δ ⊢ 𝑡 ⊗ 𝑢 : 𝐴 ⊗ 𝐵
⊗𝑖

Υ;Γ ⊢ 𝑡 : 𝐴 ⊗ 𝐵 Υ;Δ, 𝑥 : 𝐴,𝑦 : 𝐵 ⊢ 𝑢 : 𝐶

Υ;Γ,Δ ⊢ 𝛿⊗ (𝑡, 𝑥𝐴𝑦𝐵 .𝑢) : 𝐶
⊗𝑒

Υ;Γ ⊢ ⟨⟩ : ⊤
⊤𝑖

Υ;Γ ⊢ 𝑡 : 0
Υ;Γ,Δ ⊢ 𝛿0 (𝑡) : 𝐶

0𝑒

Υ;Γ ⊢ 𝑡 : 𝐴 Υ;Γ ⊢ 𝑢 : 𝐵

Υ;Γ ⊢ ⟨𝑡,𝑢⟩ : 𝐴 & 𝐵
&𝑖

Υ;Γ ⊢ 𝑡 : 𝐴 & 𝐵 Υ;Δ, 𝑥𝐴 ⊢ 𝑢 : 𝐶

Υ;Γ,Δ ⊢ 𝛿1
&
(𝑡, 𝑥𝐴 .𝑢) : 𝐶

&𝑒1

Υ;Γ ⊢ 𝑡 : 𝐴 & 𝐵 Υ;Δ, 𝑥𝐵 ⊢ 𝑢 : 𝐶

Υ;Γ,Δ ⊢ 𝛿2
&
(𝑡, 𝑥𝐵 .𝑢) : 𝐶

&𝑒2

Υ;Γ ⊢ 𝑡 : 𝐴
Υ;Γ ⊢ inl(𝑡) : 𝐴 ⊕ 𝐵

⊕𝑖1
Υ;Γ ⊢ 𝑡 : 𝐵

Υ;Γ ⊢ inr(𝑡) : 𝐴 ⊕ 𝐵
⊕𝑖2

Υ;Γ ⊢ 𝑡 : 𝐴 ⊕ 𝐵 Υ;Δ, 𝑥𝐴 ⊢ 𝑢 : 𝐶 Υ;Δ, 𝑦𝐵 ⊢ 𝑣 : 𝐶

Υ;Γ,Δ ⊢ 𝛿⊕ (𝑡, 𝑥𝐴 .𝑢,𝑦𝐵 .𝑣) : 𝐶
⊕𝑒

Υ;∅ ⊢ 𝑡 : 𝐴
Υ;∅ ⊢ !𝑡 : !𝐴 !𝑖

Υ; Γ ⊢ 𝑡 : !𝐴 Υ, 𝑥𝐴;Δ ⊢ 𝑢 : 𝐵

Υ; Γ,Δ ⊢ 𝛿! (𝑡, 𝑥𝐴 .𝑢) : 𝐵
!𝑒

Figure 2: The deduction rules of the LS
!
-calculus.

Both of these are reducible. We refer to the sum and prod(𝑎) rules

as interstitial rules, as they can appear in the interstice between an

introduction and an elimination. We choose to commute these rules

with the introductions asmuch as possible. Thismeanswe introduce

the following commutation rule 𝑎 • ⟨𝑡,𝑢⟩ −→ ⟨𝑎 • 𝑡, 𝑎 • 𝑢⟩ instead
of the alternative rule 𝛿1

&
(𝑎 • 𝑡, 𝑥𝐴 .𝑢) −→ 𝑎 • 𝛿1

&
(𝑡, 𝑥𝐴 .𝑢). This

choice provides a better introduction property, for example, a closed

irreducible proof-term of a proposition 𝐴 & 𝐵 is a pair.

One of the objectives of our line of research is to extend a proof

language of Intuitionistic Linear Logic with the necessary con-

structs to represent quantum algorithms. The LS
-calculus [13] was

the first step in this direction.

The LS
-calculus has recently been extended [12] with a modal-

ity B, which allows for a quantum denotational semantics that

includes measurement. This modality is interpreted as a functor

that maps a Hilbert space denoting pure states into a mixed state

representation of completely positive maps, allowing the model to

have the necessary projections that encode quantum measurement.

This is a proof-language for the extended logic B-IMALL, of which

its theorems preserve IMALL provability when occurrences of B
are erased.

In an early conference version of the current paper [14] we

extended theLS
-calculus to second-order intuitionistic linear logic,

adding the exponential connective and a universal quantifier (but

without defining a model for it), where we can encode natural

numbers, iterators, and in general, classical computing, apart from

vectors and matrices for quantum computing. We proved that the

linearity result still holds. An early version of this proof-system

was also presented as a QPL24 poster.

In the journal version [17] presented in this extended abstract,

polymorphism has been removed to allow for a thorough study

of the ILL fragment. We provide a denotational semantics for this

fragment of the language, which we refer to as the LS
!
-calculus.

Other related work. Our work draws inspiration from various do-

mains, particularly quantum programming languages. These lan-

guages were trailblazers in merging programming constructs with

algebraic operations, such as addition and scalar multiplication.

QML [1] introduced the concept of superposition of terms through

the if◦ constructor, allowing the representation of linear combina-

tions 𝑎.𝑢 + 𝑏.𝑣 by the expression if◦ 𝑎.|0⟩ + 𝑏.|1⟩ then 𝑢 else 𝑣 . The
linearity (and even unitarity) properties of QML were established

through a translation to quantum circuits.

The ZX calculus [10], a graphical language based on a categorical

model, lacks direct syntax for addition or scalar multiplication but

defines a framework where such constructs can be interpreted.

This language is extended by the Many-Worlds Calculus [9] which

allows for linear combinations of diagrams.

The algebraic lambda-calculus [25] and Lineal [4] exhibit syn-

tax similarities with LS
-calculus. However, the algebraic lambda-

calculus lacks a proof of linearity in its simple intuitionistic type

system. In contrast, Lineal is untyped and axiomatizes the linear-

ity, relying on explicit definitions like 𝑓 (𝑢 + 𝑣) = 𝑓 (𝑢) + 𝑓 (𝑣) and
𝑓 (𝑎.𝑢) = 𝑎.𝑓 (𝑢). Several type systems have been proposed for Lin-

eal [2, 3, 15, 16, 19]. None of these systems are directly related to

linear logic, and their purpose is not to prove linearity, as we do,

but rather to axiomatize it. Nevertheless, there is an indirect re-

lation for one of them: Lambda-𝑆 [15], a simply typed version of

Lineal where non-duplicable terms are marked by a type modal-

ity 𝑆 . A categorical model for Lambda-𝑆 was given in [18]. The

model relies on an adjunction between a monoidal closed category

and a Cartesian closed category. The language is interpreted in

the Cartesian category, and the modality 𝑆 is interpreted using the

monad induced by the adjunction. This is the same adjunction used

to model the ! modality in Linear Logic. However, Linear Logic is

instead interpreted in the monoidal category, while the exponential

modality is interpreted by the induced comonad.

2 The LS
!
-calculus

The LS
!
-logic is intuitionistic linear logic (we follow the presenta-

tion of DILL [8], extended with the additive linear connectives).

𝐴 = 1 | 𝐴 ⊸ 𝐴 | 𝐴 ⊗ 𝐴 | ⊤ | 0 | 𝐴 &𝐴 | 𝐴 ⊕ 𝐴 | !𝐴

Notice that there is no ⊥ nor `, as we are working with the intu-

itionistic fragment of linear logic.
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J1K = 𝐼 J0K = 0

J𝐴 ⊸ 𝐵K = [J𝐴K → J𝐵K] J𝐴 & 𝐵K = J𝐴K ⊕ J𝐵K

J𝐴 ⊗ 𝐵K = J𝐴K ⊗ J𝐵K J𝐴 ⊕ 𝐵K = J𝐴K ⊕ J𝐵K

J⊤K = 0 J!𝐴K = ! J𝐴K

Figure 3: Interpretation of propositions. The functor ! is the
monoidal comonad in the Linear category, and 0 represents
the zero object.

Let S be a commutative semiring of scalars, for instance {★},
N, Q, R, or C. The proof-terms of the LS

!
-calculus are given in

Figure 1, where 𝑎 is a scalar in S.
A judgement has the form Υ; Γ ⊢ 𝑡 : 𝐴, where Υ is the intuition-

istic context and Γ the linear one. The deduction rules are those of

Figure 2. These rules are exactly the deduction rules of intuition-

istic linear natural deduction, with two differences: the addition

of the rules sum and prod(𝑎), and the change in the rule 1𝑖 (𝑎), as
discussed in the introduction.

3 Encoding of vectors and matrices
The set of vector types V is inductively defined as follows: 1 ∈ V ,

and if 𝐴 and 𝐵 are in V , then so is 𝐴 & 𝐵. To each proposition

𝐴 ∈ V , we associate a positive natural number 𝑑 (𝐴), which is the

number of occurrences of the symbol 1 in 𝐴.

For each vector u in S𝑚
, we can define a term u𝐴 , of type𝐴 ∈ V

with 𝑑 (𝐴) =𝑚.

Theorem 3.1 ([17, Theorem 2.20]). Let 𝐴, 𝐵 ∈ V with 𝑑 (𝐴) =𝑚

and 𝑑 (𝐵) = 𝑛 and let𝑀 be a matrix with𝑚 columns and 𝑛 lines, then
there exists a closed proof-term 𝑡 of 𝐴 ⊸ 𝐵 such that, for all vectors
u ∈ S𝑚 , 𝑡 u𝐴 =𝑀u. □

We also have the converse result: every closed proof-term of

𝐴 ⊸ 𝐵 induces a linear function.

Theorem 3.2 ([17, Corollary 2.33]). Let 𝐴, 𝐵 ∈ V , such that
𝑑 (𝐴) =𝑚 and𝑑 (𝐵) = 𝑛, and 𝑓 be a closed proof-term of𝐴 ⊸ 𝐵. Then
the function 𝐹 from S𝑚 to S𝑛 , defined as 𝐹 (u) = 𝑓 u𝐴 , is linear. □

4 Denotational semantics
Many of the additive properties required for our setting have been

established in a recent paper [20], which develops a categorical se-

mantics for theL⊙S
-calculus [13], an extension of theLS

-calculus

incorporating the non-deterministic sup connective ⊙. We adapt

these constructions to incorporate the exponential connective !.

The model for the LS
!
-calculus is defined inside a Linear cate-

gory [7] with biproduct ⊕where there is a semiringmonomorphism

from S to 𝐻𝑜𝑚(𝐼 , 𝐼 ), denoted by L·M.

Example 4.1. The category (SMS, ⊗,S, ⊕), where objects are

semimodules over the semiring S, arrows are semimodule homo-

morphisms, ⊗ is the tensor product and ⊕ is the biproduct. There

is a monoidal adjunction 𝐹 : Set → SMS ⊣ 𝐺 : SMS → Set that
induces a monoidal comonad 𝐹𝐺 on SMS . This category is Linear,

and the map L𝑎M : S → S is defined as 𝑏 ↦→ 𝑎 ·S 𝑏.

The interpretation of propositions as objects inside this cate-

gories is given by Figure 3. In Figure 4 we give the interpretation

for the interstitial rules, which make use of the semiadditive struc-

ture of the model.

Example 4.2. Let the semiring S = (N, ·,+) be the natural num-

bers with standard multiplication and addition, and let 𝑎, 𝑏 ∈ N.
The term 𝑣 = ⟨𝑎.★, 𝑏.★⟩ has type 1 & 1 in the empty context, corre-

sponding to a vector type as defined in Section 3.

– In the category SMN (Example 4.1), the term 𝑣 is interpreted by

the following morphism:

J⟨𝑎.★, 𝑏.★⟩K = 𝑛 ↦→ (𝑎𝑛,𝑏𝑛) : N → N × N

– The scalar multiplication of 𝑣 by 2 ∈ N is interpreted as follows:

J2 • ⟨𝑎.★, 𝑏.★⟩K = 𝑛 ↦→ (2𝑎𝑛, 2𝑏𝑛) : N → N × N

– The interpretation of 𝑣 + 𝑣 coincides with J2 • 𝑣K, as expected.
– The interpretation of 𝑣 as a duplicable vector differs from that

where each coordinate can be duplicated individually:

J!⟨𝑎.★, 𝑏.★⟩K = 𝑛 ↦→ 𝑛 · (𝑎,𝑏) : N → 𝐹𝐺 (N × N)
J⟨!𝑎.★, !𝑏.★⟩K = 𝑛 ↦→ (𝑛 · 𝑎, 𝑛 · 𝑏) : N → 𝐹𝐺N × 𝐹𝐺N

Example 4.3. Let S = C, and let 𝐻 be the term representing the

Hadamard operator

(
1 1

1 −1
)
, encoded as the term:

𝐻 = 𝜆𝑥1&1 .𝛿1
&
(𝑥,𝑦1 .𝛿1 (𝑦, ⟨1.★, 1.★⟩))+𝛿2& (𝑥, 𝑧1 .𝛿1 (𝑧, ⟨1.★, (−1).★⟩))

This term is interpreted in the category SMC (Example 4.1) by

the following morphism:

J𝐻K = 𝑥 ↦→ ((𝑦, 𝑧) ↦→ 𝑥 (𝑦 + 𝑧,𝑦 − 𝑧)) : C → hom(C × C,C × C)
This is the linear map that represents the action of the Hadamard

operator on a vector in C2
.

5 Work in progress: polymorphism
We are currently extending this model to include both polymor-

phism and the exponential modality, as an interpretation for our

earlier calculus [14]. We define a hyperdoctrine [11] to index the

Linear categories which model the LS
!
-calculus, as an extension to

work by Maneggia [23] on Linear hyperdoctrines.

s
Υ;Γ ⊢ 𝑡 : 𝐴 Υ; Γ ⊢ 𝑢 : 𝐴

Υ;Γ ⊢ 𝑡 + 𝑢 : 𝐴
sum

{
= J!ΥK ⊗ JΓK

Δ−→ (J!ΥK ⊗ JΓK) ⊕ (J!ΥK ⊗ JΓK)
J𝑡K⊕J𝑢K
−−−−−−→ J𝐴K ⊕ J𝐴K

∇−→ J𝐴K

s
Υ;Γ ⊢ 𝑡 : 𝐴

Υ; Γ ⊢ 𝑎 • 𝑡 : 𝐴
prod(𝑎)

{
= J!ΥK ⊗ JΓK

J𝑡K
−−→ J𝐴K

𝜌−1
−−−→ J𝐴K ⊗ 𝐼

𝑖𝑑⊗L𝑎M
−−−−−→ J𝐴K ⊗ 𝐼

𝜌
−→ J𝐴K

Figure 4: Interpretation of the interstitial rules.
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